
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



Ud ^^s*n^ 



/ 



/' /^>;' c^r' c2^//v? /' 



HARVARD COLLEGE 
LIBRARY 




THE ESSEX INSTITUTE 
TEXT-BOOK COLLECTION 



GIFT OF 

GEORGE ARTHUR PLIMPTON 

OF NEW YORK 

JANUARY 25, 1924 




FIRST LESSONS 



A L G E B ft A, 



9X150 AH 



EASY INTRODUCTION TO T»AT SCIENCE; 



OESIGiriD FOR THE USE OF 



ACADEMIES AND COMMON SCHOOLS. 



BY £B£N£;EER BAlIiET, 

Principal of the Young Ladies' High School, Bostons AutlKMr of 
"Young Ladies' CIUss Book/' &c. 



Sminmb^ S&Uttcit^z fS^fttou 



BOSTON: 

RUSSELL, SHATTUCZ, &C0. 

1835. 



^ iARVARB COUEiC LftRARY 
QIFT'OF 
GEOMIE ARTHUR PLIIIPTOW 
JANUARY 2a, 1924 

At a meeting of the School Committee of the City 
of Boston, March 11, 1834, 

Votti^ That ''Bailey's Algebra'' be used in the 
Writing Schools in which ^Algebra is allowed to be taught. 
Attest, 

S. P. McCLEARY, Secretary, 



Entered aocordiii^ to Act of Congress, in the vear 1834, 

Bt. Ebihizir Bailit, 

In the Clerk*s Office of the District Court of Massachnsetto. 



8TEBX0TTFED AT THB 
BOVrON TTFB AND ITEBIOTTFE lOIJllDAT* 



PREFACE. 



This treatise is especially intended for the use of 
beginners. I have long wished that Algebra inight 
be introduced iato common schools, as a standard 
branch of education ; and there seems to be no good 
reason why the study of this most interesting and 
useful science should be confined to the higher semi- 
naries of learning. The upper classes, at least, in 
common schools, might be profitably instructed in its 
elements, without neglecting any of those branches 
to which they usually attend. 

This work pretends to no original investigations, no 
new discoveries. My labor ha^ been the very humble 
one of selecting such materials as belong to the ele- 
ments of Algebra, and of arranging them in such a man- 
ner as may render the introduction to the science easy. 
If there be any peculiarity in this work, it is its sim- 
plicity. I have endeavored to make it as plain and 
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intelligible as possible. There is little clanger that the 
student will find the beginning of any art or science 
too easy ; and^ in Algebra, he is required to learn a 
peculiar language, to determine new principles, and 
to accustom himself to an abstract inode of reason- 
ing, with which he has been little acquainted. Let 
the explanations, therefore, be as full and diffuse as 
they may, he will still find difficulties enough to exer- 
cise his jnind. I have aimed to prepare a work, which 
any boy of twelve years, who is thoroughly acquaint- 
ed with the fundamental rules of Arithmetic, can un- 
derstand, even without the aid of a teacher. 

The following are the leading principles which I 
have observed, in preparing this treatise : — 

To introduce only such parts of the science^, as i 
properly belong to an elementary work ; 

To adhere strictly to a methpdical arrangement, that 
can be easily understood and remembered ; 

Never to anticipate principles, i^o as to make. a clear 
understanding of the subject under consideration, de- 
pend upon some explanation which is to follow; 

To introduce every new principle distinctly by it- 
self, that the learner may encounter but one difficulty 
at a time ; 

To deduce the rules, generally, from practical ex- 
ercises, arid to state them distinctly and in form ; 
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To give a great variety of questions for practice 
under each rule ; 

To solve or fully explain all questions which in* 
volve a new principle, or the new application of a 
principle already explained ; 

To show the reason of every step, without perplex- 
ing the learner with abstruse demonstrations^ 

To ilhistrate the nature of algebraic calculations, 
and their correctness, by a frequent reference to 
numbers ; 

,And, finally, to advance from simple to difficult 
problems in such a manner as may fully exercise the 
powers of the learner without /liscouraging him. 

Asthis little book professes to be merely an ititro- 
duction to more full and scientifical treatises upon 
Algebra, it was not my original design to extend it 
beyond Equations of the First Degree. The subse- 
quent Chapters, on Evolution and Equations of the 
Second Degree, have been added with a particular 
reference to i^hools for young ladies. It' is presumed 
that the work, in its present form, contains as much 
of Algebra as this class of learners will, in general^ 

find time to study. ^ 

E. Bailet. 
Bo.'fi'n July, 1833. 
1* 



ADVERTISEMENT 

TO THE STEREOTYPE EDITION. 



Thk favor with which this treatise has been receivea 
by the public, — as manifested by the sale of the first edi- 
tion, consisting of two thousand copies, in a few months, 
and by commendatory notices from teachers and others in 
almost every section of the country, — has induced the pub- 
lishers to stereotype the work, and thus put it into a per- 
manent form. 

In preparing this edition, the author has made suc^ addi- 
tions and aherations as experience has suggested ; and he 
trusts that he has tendered The First Lessons in Alge- 
bra still more worthy of public favor. The arrangement 
of several parts of the work has been changed ; some of 
the Chapters have been nearly rewritten, especially those 
on Powers and Evolutioii ; the errors of the first edition 
have been carefully corrected; and many questions for 
practice have been added. It has, also, been thought ad- 
visable to omit the answers to the questions. These are 
given in a Key, published separately, together with solu- 
tions of all the difficult problems. 

Boston, January y 1834. 
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FIRST LESSONS IN ALGEBRA. 



CHAPTER I. 
INTRODUCTION. 

SECTIOt? I. 

Letter^ and Coefficients. 

1. A BOY bought a peach and a melon for 12 cents, 
and the melon cost three times as much as the peach. 
What was the price of each ? 

'Let the letter x represent the number of cents the 
boy gave for the peach ; then, as he gave one x for 
the peach, whatever the value of x may be. and as 
the melon cost , three times as much, he must have 
given three x^s for that ; and, of course, he gave one 
X and three a?'s, that i8, four a?'s for both. But, by 
the question, he gave 12 cents for both ; therefore, 
the four a?'s must be equal in value to the 12 cents. 
But, if four oc^s are equal to 12 cents, one x must be 
equal to one fourth part of 12 cents, or 3 cents, 
which was the price of the peach ; and if one x be 
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equal to 3 cents^ three x^$ must be equal to three 
times 3 cents, or 9 cents, the price of the melon. 

It will be observed, that, in this operation, 'the 
answer of the question, the thing unknown, is assumed 
and represented by the letter Xy which is therefore 
called the unknotm quantity. Any other letter, mark 
or character, may be used with equal propriety, 
provided always that its value be indefinite. This 
will be evident if the word share or part be substi- 
tuted for the letter a?, in the above operation. It is 
usual, however, to represent unknoym quantities by 
the last letters of the alphabet, as a?, y, z. 

It is sometimes necessary to express quantities, 
whose values either are, or are supposed to be, deter- 
m'med, by letters. These are called known quantities, 
and are usually represented by the first letters of the 
alphabet, as a, b, c, 

2. John is four times as old as James, and the 
sura of their ages is 20 years. What is the age of each ? 

Let X represent the age of James ; then, as John 
is four times as old, four xh' will represent his age ; 
and their joint ages must be one x and four x^s, that 
is, five x^s. But the sum of their ages is 20 years, by 
the' question ; therefore, five a?'« must be equal to 20 
years, and one x to one |ifth part of 20, namely, 4 
years, which is the age of James ; and, if one a? be 4 
years, four x^s must be four times 4, or 16 years, the 
age of John. 

Instead of writing one a?, three x^s,four a?'^, five s?s, 
&c., as in these exeimples, we use the expressions 
4r, 3 ^> 4 07, 5 Xy &c. The nwmbers placed before the 
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ktters, as 3, 4, 5, are edUd their coejffkietUi. When 
no nMinber is placed before a letter, as x, its coeffi- 
cient is always understood to be 1. 

In the last example, the algebraic expression for 
John's age was 4 x^ and the value of x was found to 
be four years. To find the age of John in years/ this 
value of 07 was multiplied by 4, its coefficient* Any 
quantity is always supposed to be muitiplied by its co^ 
efficient. Thus, if the value of a? be 6, 3- a; will be 3 
times 6, or 18 ; and if the value of a be 10, then 3 x 
will be 3 times 10, or 30 ; and 7 x will be 70", 9 a: will 
be 90, and so on. 

It is often convenient, in algebraic calculations, to 
use a letter for a coefficient, instead of a number , as 
m Xy where m is regarded as the coefficient of a;; thus, 
if m be 3, and x be 5, m x will be 3 times 5, or 15. 

3. A leaves Boston, and walks three miles an hour, ^ 
and B leaves Newburyport, at the same time, and 
walks 5 miles an hour. In how many hours will they 
meet, the places being 32 'tniles apart ? 

In this question, the thing required is, in how many 
hours A and B will meet ; that is, how many hours 
they will travel. Let it be assumed that they will 
meet in x hours. Then if A walk 3 miles in 1 hour, 
in X hours he will walk x times 3 miles, that is,^a; 3 
or 3 0? miles ; and if B walk 5 miles in 1 hour, in x 
hours he will walk a? 5 or 5 a; miles ; and they will 
both walk 3 x and 5x,ot8x miles, which is the whole 
distance. But the distance given in the question is 
32 miles ; therefore, 8 x miles must be the same as 32 
miles ; or, to use a general expression, 8 a? is equal in 
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value to S2. And if 8 a? be equsd to 32, a? must .be one 
eighth part of 32, or 4. Thfey will meet in 4 hours. 
^The expressions 0? 3 "and 3 a?, used in this operation, 
mean the same thing ; for any two or more quanti- 
ties are supposed to be multiplie^d together,, when they 
are not separated; and, of course,' it is of no conse- 
quence which is placed first. Th.us, if the vcdue of 
X be 4, as in the question, 3 a? is 3 times 4, or 12; 
and a? 3. is 4 times 3, or 12. But it is more con- 
veirierit to place the number before the letter, which is 
always done. ,\ 

4. A farmer sold a calf, a sheep and a cow, for 
36 dollars ; for the sheep he received twice as much 
as for the calf, and for the cow three times as much 
as* for both the calf and the sheep. What was the 
price of each? 

Leto? represent the price of the calf; then 2a? will 
be the price of the sheep ; x and 2 a?, or 3 a?, will be 
the price of the two, and three times 3 a?, or 9 a?, will 
be the price of the cow. The three animals were, 
thferefore, sold for a?, and 2 a?, and 9 x, that is, for 12 a:. 
But, according to the question, they were sold for 36 
dollars ; 12 x must, therefore, be equal to 36 dollars, 
and the value of x must be one twelfth part of 36, 
namely, 3 dollars, which is the price of the calf: if the 
value df 0? be 3 dollars, 2 a? is twice 3, or 6 dollars, 
the price of the sheep ; and 9 a? is 9 timfes 3, or 27 
dollars, the price of the cow. 

5. A gentleman gave a purse, containing a certain 
sum of money, to his three children, to be divided 
among them in such a manner, that Mary should have 
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^wice as much as Ellen, and John as much as both 
his sisters. What was the share of each f 

As the sum contained in the purse is not named, we 
will call it fl. 

Let 07 denote Ellen's share ; then Mary's shajce is 
twice as much, or So;; and John's, a? and 2^, that is, 
3 X ; and the sum of their shares is x and 2 x and 3 a?, 
or 6x, which must be equal to a, the sum to be divid- 
ed, whatever the value of a may be. And if 60? is 
equa:l to.a, x is equal to one sixth part of a, which is 
Ellen's share. 

If the purse contained 18 dollars, Ellen's share was 

3, Mary's 6, and^ John's 9 dollars. 

If the purse contained 24 dollars, Ellen's share was 

4, Mary's 8, and John's 12 dollars. 

In this manner the share of each may be determined, 
whatever be the sum indicated by a. 

This section will serve to give the learner a general 
notion of the nature and use of Algebra, and the 
manner in which it is applied to the performing of 
questions. 



SECTION II, 

Algebraic Signs. 

Besides letters, certain.other signs are used in A^e** 
bra, some of which are also used in Arithmetic^ thoogh 
less frequently. It is by means of these and othet 
arbitrary signs, that calculations in AJgebffa are per« 

2* 
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feriaed. They enable us to express a train of redf^ 
soning in a short and exact manner, so that the whole 
may be presented readily to the eye and the mipd. 

+ (PZms) signifies add&ton; as, 4 + ^ is 9. This 
may be i^ead, 4 plus 5 is 9, or 4 and 5 is 9, or in any 
other way which will indicate that 4 and 5 are to be 
added together. 

Thus, too, the expression a? -f- y signifies that the 
quantities x and y are to be added, whatever their val- 
ues may be. Suppose that the values of x and y are 6 
and 4 ; then a? + y will be equal to 6 -f- 4, or 10. 

— (iHinw*,) placed before a quantity, signifies that 
it is to be svhtr acted* Thus, 9 — 6 is 3 ; which may 
be read, 9 ndnm 6 is 3, or 9 less 6 is 3, or 6 from 9 is 3, 
oi; in any other manner which will show that 6 is to 
be subtracted from 9. 

So, too, in the algebraic expression x — y, the 
value of y is to be subtracted from the value of x. 
Suppose X, for instance, to be 12, and y to be 7 ; 
then x-^y will be the same as 12 — 7, which is 5. 

The signs' + and — affect only those numbers and 
quantities^^which immediately follow them* Of course, 
the expressions, ^^ 

9-f.6 + 6 — 7 

9+6—7+5 > 

9 — 7 +6 + 6 

are all of the same value, each being equal to 13 ; for 

the sign + is ^understood before 9, the first number. . 

= Two horizontal lines signify equality; that is, 
that the quantities between which they are placed, 
are equal to each other ; as, 3 + 4 =s 9 — 2. If wet 
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have y + 2f = a:, we know that the value of x is 
equal to the values of y and z added together. Thus, 
if y be 6, and z be 4, the value of x must be 10; for 
6 + 4 == 10. 

X This sign signifies multiplication ; as, 3 X 4 = 
12 ; that is, 3 multiplied by 4 is equal to 12. This 
character is often omitted when multiplication is 
implied ; as in the expression x y, which is the prod- 
uct of a? multiplied by y. Thus, if a? = 5, and y = 3, 
a? y = 15 ; for 3 X 5 =r 15. ' But it is never omitted 
between two numbers which are io be multiplied. 

-T- Thii sign expresses that the quantity which precedes 
it is to be divided by that which follows it. Thus, 
12 ~ 4 = 3 ; that is, 12 divided by 4 is equalno 3. 

But division is more frequently expressed in the 
form of ct fraction; thus, -'^ =3, which may be read 
in the same (nanner. 

So, too, X -=- y, or y, expresses the quotient of x 
divided by y. Thus, if a? = 10, and y z=i%^=: 5 ; 
for ^ = 5. 

-4 mrtiCvlum is used to connect two or more quan- 
tities together. Thus, 4 X o + i implies that the sum 
of a and b is to be multiplied by 4. Silppose the 
value of a to be 5, and of & to be 6; then, 

4 X 5l^==44; 
for 6 + a 3=L M, and 4 X 11 = 44. 

Again, a + b x c + £2 signifies that thesmnof a + ( 
is to be multiplied by the sum of c + cf • Let a s: 2, 
& r= 3, c = 4, and d = 5; then, 

T+Z X r+6 = 5 X 9, or 45- 
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AparefUkesia { ) is ofien used irutead of a vincu* 
lum, to indicite that several qiumtities are to be taken 
together. Thus, 3 {x + y) expresses that the sum <^ 
X and y is to be taken three times. If the value ofx 
be 6, and of y be 4, 

3 (a; + y) = 3 (6 + 4) — 3 X 10, or 30. 

The several quantities under a vinculum, or in- 
cluded in a parenthesis, may be taken collectively^ 
and 'regarded as a simple quantity,, of which the 
number prefixed is the coefficient. 



SEgTJON III. 

Simple^ Compound, Similar, Positive and Negative 
Quantities. 

A Simple quantity consists of a single term, that is, 
of one letter or number, or of several letters joined to* 
gether without the sign -}- or — ; bs,x,3 y, ab c, and 
X y, each of which is a simple quantity. 

A Compound quantity consists of two or more sim^ 
pie quantities joined together by the sign -^ or — ; as 
aj + y, aT--t + 3c, ab — 1 + z — 8 a?, each of 
which is a compound quantity. 

A compound quantity, which consists of two terms 
only, as 0? + y, or a — b, is called a binomial. The 
latter expression, a — i, is also called a residuaf quan^ 
tity, because it expresses the residue or remainder, 
after one of the terms has been taken from the other. 

Similar quantities are such as differ only in their 
coefficients or signs. Thus, 3 a and 5 a are similar 
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(Quantities ; so are 3 xy and 7 a? y ; as also 2 ab and 
— ; 8 a 6 ; and the compound quantities 3 ab -{•- 4:X, 
and Bab — 9 a;. 

All the quantities used in an algebraic calculation, 
are considered, in relation tfx each other, either as 
positive or negative. 

A Posijtive quantity has the sign + prefixed to it ; 
it is, in general, something to be added. When a 
positive quantity, stands alone, as x, or is the first term 
of a compound quantity, as a -f 6, the sign is com- 
monly omitted ; but the sign + is always understood 
in such cases. Thus, x is the same as -fr x, and a + 6 
the same as + a + ^• 

A Negative quantity is one to be subtracted, and al- 
ways has the sign — prefixed to it. , Thus, in the ex- 
pression a — b, — 6 is a negative quantity, because 
its value is to be subtracted from a. 

As the subject of positive and negative quantities is 
very apt to perplex beginners, a few examples will be 
given, by way of illustration. 

1. William has 12 apples, and gives 5 of them to 
Samuel. How many has he left ? 

In this question, 12, the number of apples which 
William had in the first place, is a positive quantity ; 
and 5, which must be subtracted to obtain the an- 
swer, is a negative quantity. 12 — 5. 

2. William has 12 apples, and Samuel gives him 5 
more. How many has he then ? 

Here, as 5 must be added to 12 to obtain the an- 
swer, it is a positive quantity. 12 + 5. 

3. A man bought a watch for 25 dollars^ and sold 
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it again for 30 dollars. How much did he gain by 
the bargain ? 

To find his gain^ we must subtract what he gave 
for the watch from the sum for which he sold it ; 30 
is, therefore, a positivoj and 25 a negative quantity. 
30 — 25. 

4. A man sold a watch for 30 dollars, by which 
bargain he gained 5 dollars. What did the watch 
cost him ? 

Here, the gain must be subtracted from the price 
of. the watch: 5 is, therefore, a negative quantity. 
30 — 5. ' 

5. A merchant went into trade with a certain sum, 
•say a dollars ; and, at the end of the year, he found 
himself worth h dollars. How much did he gain dur- 
ing the year ? 

We must subtract what he had at the beginning of 
the year, a dollars, from what he had at the end of it, 
b dollars, to ascertain his gain : a is, therefore, a nega- 
tive quantity, and the state of his affairs may be ex- 
pressed thus, h — a. 

In this question, if we suppose the merchant to 
have lost instead of gained by his business, it is evi- 
dent that the value of h will be less than that of a, 
and we shall be required to subtract a greater number 
from a less, which is impossible. But it is perfectly 
easy to represent such a subtraction, as, for instance, 
18 — 32 ; and hence it frequej^tly (lappens in Alge- 
bra, that a negative quantity stands alone, as — a?, 
when there is ilo quantity from which it is to be ac* 
tually taken. 
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6. A man h^s in his possession 200 dollars, and 
oWes debts to the amount of 500 dollars. How 
much is he worth ? 

Here, the money the man has is a positive quanti- 
ty, and the amount of his debts, which is to be sub- 
tracted, is a negative quantity ; therefore, the expres- 
sion 200 — 500 will represent the state of his prop- 
erty. Now, if he pay off his debts, as far as his 900 
dollars will go, there will still be $ — 300 left ; that 
is, he will be 300 dollars worse than nothing. 

In the last question, the amount of the debts m»ght 
be regarded as the positive quantity ] and then the 
opposite quantity,' the money on band, would be 
negative, and 500 — 200 would represent the amount 
of debts Which the man could not-pay. 

It is evident, therefore, iha,t positive ^ond negative 
are merely relative terms, which are, in general, op- 
posed to each other. In any calculation, whatiever 
quantity is assumed as positive, all other quantities of 
a similar nature, or which tend to increase it, are also 
positive ; and whatever quantities are opposed to it, 
in any way, or which serve to diminish it, are negative. 
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. CHAPTER II. 
ADDITION. 

SECTION I. 

Simple Quantities that are Sindlar, 

1. A man gave to one poor person a dollars, to a 
second 3 a dollars, and to a third 4 a dollars. How 
much did he give them all ? Ans. 8 a dollars. 

In this question, we have three simple quantities : 
they are all similar^ and they are all positive ; for it 
must be remembered that, when no sign is used, the 
sign + is alWays understood. The first quantity is a ; 
the second, 3 Oj which may be written a -j- a + a; 
and the third, 4 a, or a + o -{- a -{- a. Now, by 
counting, we find there are eight a^s or 8 a. But the 
sum of the coeflicients, 1 + 3 + 4, is also 8. Then, 
to perform questions of this kind, AddtogetheraUthe, 
coefficients, and place the sum before the common letters. 
Suppose the value of a, in this question, to be 5 ; 
then we shall have 

= 1X5= 5 

30 = 3X5=15 

jU = 4 X 5 =20 

*- 8a = 8 X 5 =40 
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By assigning any other value to the letter a, the stu- 
dent will obtain a similar result. 

2.) 4 6 3.) 0? y 4.) 5 o i c 5.) TT y ar 

36 2iry 6 ab c y z 

56 7a?y ab c 6 y z 

6 6 3 0? y' 2 a i c 2.y ar 

l86 13a?y 

6. Add together- a Xy and 3 a a?, and 5 x a. 

It is of no consequence in what order the letters are 
given ; for 5 0? a is evidently of the same value as 5 ax. 
Let X = 6y and a = 4, for instance ; then 5 a or 
will be 5 K 4 X 6, or 120; and 5 a? a will be 
5x6x4, which is also equal to 120. It is usual, 
however, to arrange the letters according to their or- 
der in the alphabet. 

7. Add together 3 a 6 c, and 2 a be, and 4 a 6 c. 

8. What is the sum of 5 a r x, and S ar x, and 
tir x; and 1 a r x, and 11 ar x7 

9. A merchant is indebted 4 a dollars to A, 5 a 
dollars to B, 6 a dollars to C, and 8 a dollars ,to D. 
How much does he owe them all } 

10. What is the amount of a 6 c, and 5 a 6 c, and 
7 o 6 c, and 12 a 6 c? 

The student will find it a useful exercise to prof^e 
his answers, by assigning definite values to the letters 
given in the questions, in the manner exhibited above. 

11. Add together — a?, and — 3 a?, and — 5 a?.' 

Ans. — 9 a?. 
This example differs from the foregoing in only one 
particular ; that is, the quantities are all negative : 
3 
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the sign — must, therefore, he prefixed to the mm ; for 
the whole must evidently be of the same character as 
the ptrts of which it is composed. 

Let us suppose that x, in this example, stands for 
iOO dollars ; then — a? = — 100, — 3 u = — 300, 

— 5 0? = — 500, and the answer — 9 a? = — 900 
dollars. But it may be asked. How can 100, or 300, 
or 500, or 900 dollars be subtracted from nothing P 
Such a subtraction may be represented^ although it 
cannot be performed. 

A merchant, for instance, wishes to ascertain the 
profits of his business. His gains are positive quan- 
tities ; and his losses, because they must be subtracted 
from his gains before his clear profits can be known, 
must be negative. Now, it is evident, if he hasiost 
100 dollars by one speculation, 300 dollars by an- 
othei*, and 500 dollars by bad debt^, that these sums 
should be written — 100, — 300, and — 500; and 
that they may be added together, as if they were 
positive quantities, their amount being written — 900, 
to show that it is to be subtracted from some other 
quantity ;. that is, from the amount or sum total of 
his profits. 

12. Add together — 6 a? y, — xy, and — 16 x y. 

13. What is the amount of — 7 a J c, — 12 ab c, 

— a be, — 6ab c, and — ,24 ab c1 
U.)—lxyz lb.)—12abx 16,)— labcd 

— Sxyz — Aabx — I2abcd 

— 4a?y« — 6abx — 16 abed 

— I3xyz . — abx — 5abcd 
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17. What is the sum of — 5 ab x^ and — B abx, 
and — 1 ab Xy and — 2 ab x1 

18. What is the sum of — 12 abxy, — 1 abxy, 

— 11 abx yy^-^abx y, and — 2 ab xyl 

19. Add together — 3 a, and — 7 a, and — 12 a, 
and — 16 a. 

20. What is the sum of — x y, and — 3 a; y, and • 

— 7 a? y, and — I2xy1 

21. Add together 3 a?, and — 2 a:. Ans. x. 
This example contains both o, positive nndh negative 

quantity. If the Dr. column of a leger amount to 
3 X dollars, and the Cr. column to 2 a; dollars, the con- 
dition of the account may be expressed 3 a; — 2 a;; 
and the sum due is evidently x dollars. 

Suppose the value 'of x to be 10 dollars ; then 3 a? 
= 30, and — 2 a? = — ^^20, and^ the account will 
be Dr. 30 dollars, Cr. 20 dollars, due lb dollars. The 
20 dollars credited will cancel the same amount ^ > 
the debt ; that is, — 2 a? will canpel + 2 a?, leaving 
+ X due. 

22. Add together 2 a?, and — 3 a;. Ans. — x. 
This example is Uke the last, only the negative is 

the larger quantity, and the answer must have the sign 
— • prefixed. For it is evident, if the Dr. side of an 
account be 2 x, or 20 dollars, and the Cr. side be 3 a?, 
or 30 dollars, the debt bgis all been paid, and a?, or 10 
dollars more, which is to be paid back. 

From these examples we derive the following Rule 
for adding together two similar quantities, when their 
signs are not alike : Subtract the less coefficient from 
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the greater. The answer must have the same sign as 
the greater quantity. 

Hence it appears, that what is called Addition in 
Algebra, is sometimes performed by Subtraction. This 
is an apparent contradiction, which is very apt to per- 
plex beginnejfS. T<?e whole difficulty will vanish, how- 
ever, if they remember the object of Addition ; which 
is, to express the value of two or more quaatities, of 
any kind, in the most simple manner possible. 

23. What is the sum of 5 a? y,' and — 3 x y1 

Ans. 2x y. 
24.) +4ab 2B.) +1 abx 26.) + 16 ay 
— Sab ' — 5 ab X — 16 ay 

27. Add together 19 ah x m, and — 21 abmx, 
^ 28. What is the sum of — 3 an\x, and 5 a m x7 
^"^ 89. What is the sum of 5 a?, and — 3 a?, and 4 a?, 
and — 2 a?? Ans. 4 x. 

Let us suppose th^ positive quantities in this ques-' 
tion, namely, 5 x and 4 a?, to represent sums of money 
received, and the negative quantities, — 3 a? and — 2 a?, 
payments made. Then, 9 a? dollars are received, and 
6 a? dollars paid away ; and, of -course, 4 a? dollars 
remain on hand. 

If the value of a? be 100 dollars, then 900 dollars 
are received, 500 dollars paid away, and a balance 
of 400 dollars remains. 

30. Add togetlier 4 a?, and — 8 a?, and — 7 a?, 
and 6 a?. , Ans. — 5 a?. 

This example is hke the last ; but here, the sum of 
. the negative quantities is greater than that of the posi- 
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iive, and the differeoce is marked with the sign — . 
The sum of 4x and 6 a? is 10 a?; — 8 a; and •»— 7 a: 
is — 15 x; the difference, or balance between the two 
sums, is — 5 a?. " ^ 

If a trader gain 40 dollars in one week, lose 80 dol- 
lars the next, lose 70 dollars the third, and gain 60 
dollars the fourth, in the four weeks he gains 100 and 
loses 150 dollars ; that is, he loses 50 dollars more 
than he gains, and his amount of loss and gain stands 
, — 50. In this case, we suppose the value of <rto be 
10 dollars. 

31. Add together 5 abc, — 7 abc,3 abc,—abc, 
and 2 a 6 p. Ans. 2 ab c. 

The sum of the positii^e quantities is 10 a be; and 
that of the negative quantities is — 8 a b c; and 
10 abc"^8abc = 2dbc. 

When several similar quantities, some of which are 
+ and others — ,are to be added, it will generally be 
found th^e most convenient way to proceed as in the 
last thr^e examples, namely.: Reduce them to two 
terms, by bringing all the positive quantities into one 
sum, and all the negative quantities into another, and 
then balance these two terms in the usual manner. 

32. Add together 8 x, and — 3 a?, and 4 a?, and 
— 6 a;. 

33.) — lab 34.) — 2 i c 35;) abed 

Sab 5bc —6 abed 

6ab —46c —8abcd 

— ab 6b c 4 ab c d 
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36.) 



X y 


37.) IZhcx 


38.) — mxy 


3xy 


— QOhcx 


16 mxy 


1 X y 


2hcx 


, — .20 mxy 


— 10a?y 


— 15^ ex 


2mx y 



39i, Add together 4 ax, and 5 ax, and — 3 ax, and 
lax, and — 6 ax, and — 2 a x, and 9 a x, and 

— I9ax., 

40. Add together 14 a B x, and — 6 ab x, and 

— 1 ab X, and 3 a fra?, and 7 abx, and — 5 a 6 a:, 
and 3 ab X, and — 2 a Jo?, and — lab x, and 
3 a b X, and 1 ab x, and — a 6 a?, and — 8 a 6 a?. 



SECTION II. 

Simple Quantities that are Dissimilar, 

L What is the amount of 4 a, and 3 x, and 5y1 

Ans. 4 a + 3 a? -f 5 y. 

In this question, the quantities are dissimilar, that 
18, different from each other ; and, of course, they 
cannot be actually added. All that can be done is, 
to connect them together by their primer signs, , 

2. What is the sum of 3 6, and 7 c, and — '5 a?? 

Ans. 3i + 7c — 5a?. 

3. Add together 6 a?, and — 5 y, and 1.x y, and 
— 4 z. 

4. Add together 7 a b, and -^ 4 y^ and 12 b Xy and 
^6. 
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5.) Gahx 6.) 19ax' l.)—4y 8.) ar 

— 6 a — Samn , z — 3^ 

— xy xyz axy — ab 
27 — am — mn — 61 



.9. What is the sum of 4 a /6, and — 5 d a?, and 

— 3 « J, and Q a x, and ah Cy ^nd — a &, and — 16 ? 

Ans.jo X -\-, ah c — 16*. 

In this question, we have +4 a 6; also — Z ah, 

and — aft, which, togietlfier, make — 4 a 6. A^ these 

two quantities, -j- 4 a 6 and ^ — 4 a 6, cancel each other, 

they do not appear in the answer. We also have 

— b ax and ^ 6 a a?, which balance each other in 
part, the difference between them being + o a;, which 
is the first term of the answer. The remaining terms, 
-f- a i c and — 16, being dissimilar, are annexed. 

In all cases, the addition is performed, if we connect 
together the several given quantities by their respective 
signs. Thus, 4 a b — 5 a x -^S a h -^ B a x -{• a/h c 

— a 6 — 16, is a true answer to the last question, 
and expresses the yalue of the several quantities as 
perfectly as the^ answer given above. What remains, 
is a species of reduction, by which we unite together 
as many of the terms as we can, for the sake of di- 
minishing their number, and rendering the answer 
more simple. 

It is evident that two equal similar quantities whose 
signs are unlike, as '\' b x and — b x, cancel each 
other. v^ \ 

10. What is the sum of 16 a b, and — Sax, and 
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ale, and — 12 o 6, and 3 a a?, and — 75, and 4tfy 
and -^^ a hi Ans. ab c — 35. 

11.) _4 flic 12.) 12 a a; 13.) — 5 a; 

Q axy — ay — 2z 

laic Z ax 3 a? 

^-' X y •• — 14 a a? ale 

14. Add together 5 a 6 c, and 12 x, and — I4 a x, 
and — 4 a 6 c, and — 16 a?, and 3 y, and — 5 a a?, 
and 76, and — al Cy and 5 a?, and 83, and 16 a x. 

15. What is the sum of 15 a a? y, and a I, and 

— 2 6 w n, and — 12 a a? y, and — 24, and 3 6 m », 
and 17, and — ab, and 3 o a? y, and y z7 

16. What is the sum of 14 a a?, and 3 6, and 2 a:, 
and 17 y, and 37, and — 4 6, and — 15 a x, and 

— 12 y, and a a?, and 37, and — 5 y, and — 74, 
and — x1 

17. Add together 6 a 6, 5 a? y ar, 14, — 8 a i, 21, 

— 3 X y z, e d,4: aby — 35, and -^ 2 a; y z. 

18. What is the amount of 8 a? y, — 5 6 c d, iS, 

— 3 a? y, — 9, 6 c rf, — 12, and 4 6 c d? 

' 19.) — 3 Am 20.)— 7 a; y 2? 21.) 754 

54 — 3 m n a bx 

+ 9 km 8yz —649 

— 60 2 TO n m 

22.) 8xyz 23.)— abx 24.)'^9y2? 
_ ojy —7 23 —Tysi 

— 3a?y2 5a6a; yz 
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SECTION III. 



Compound Qiiantities. 

1. Add together S a -{- 2 b and 5 a? + 3 y.* 

Ans. 4i a + 2f6 + 5 a? + 3 y. 
In this example, compound quantities are given ; but 
they lEire added in the same manner as simple quanti- 
ties ; that is, all the terms of which they are composed 
are connected together with their proper signs. If we 
were required to add together 4 -f 5 and 3 -f 7, we 
might either say, 4 + 5 + 3 + 7 = 19; or 4 + 5 
= 9, and 3 + 7 = 10, and then add these twosums^ 
9 + 10 = 19. The result, both ways, is the same ; 
but, in Algebra, the latter mode is not practicable, 
unless the quantities are similar. 

2. Add together 5 J + 2 c, and 4 cZ — 3 y. 

Ans. 56 + 2c + 4rf — 3y. 

This example is like the last, excepting that one of 
the terms is affected with the sigii — , which must be 
retained in the answer ; for we are not required to 
add the whole value of 4 rf to 5 J + 2 c, but only the 
difference betweei^ 4 d and 3 y ; and when we add 
4 d, as in the answer above, we add 3 y too much, 
which must be subtracted. 

This may be rendered more intelligible, perhaps, by 
numbers. Add together 3+4 and 8-7-6. First, 
3+4 = 7, andS — 6 = 2; and 7 + 2 = 9, which 
is the amount of the numbers given. Again, 3+4 
+ 8 = 15, which is too much by 6, which must be 
subtracted : thus, 3 + 4 + 8 — 6 = 9, as before. 
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3. Add together 5 a + 2 c, and 3 a; — 4 y, and 
2 b — z. Ans. 5a+2c4-3a;— 4y + 26 — z. 

4. Add together 5 a + 2b + d, and 3a; — 2 6, 
and 4 d — 3a; — 6 a. Ans. 5 d — a. 

By adding all the terms in these several quantities, 
we obtain « 

da + 2h + d +Sx — 2b -f. 4 d— 3 a? — 6 a. 
By cancelling + 26 and' — 2 6, and + 3 a; and — 3 x, 
5 a -\- d -{- A d : — 6 a. 
By adding the d vand 4 d^ 
5 (f-\- b d — 6 a, 
By balancing the + 5 a and — 6 a, 
b d^ — a, as above. 
The answer should always be reduced, in this man^ 
Tier, to the least number of terms possible. 

i? What is the sum of 5 a a? + 3 6 c, and 7 o x 
, — 4 6 c, and — 3aa? + 17y? 

6. Add together 3 {a — 6), and 2 (o — 6). 

Ans. 5 (a — 6). 

In this question, 3 {a — 6) = 3 a — 3 6; and 
2 (a— .6) =2fl — 26; and the answer,5 [a — 6) = 
5 a — 5 6. If fl = 4, and 6 = 2, (3 a — 3 6) = 
(12 — 6) = 6; and (2 a— 2 6) = (8—4) = 4; 
and 6 + 4 = 10: but (5 a— 5 6) = (20— 10) = 10 
also. When the compound quantities^ included in pa- 
rentheses, are alike, they are added like simple quanti- 
ties that are similar. The numbers or letters before 
the parentheses, are regarded as coefficients, and 
added as such ; but the quantities included undergo 
no change. 
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7. What is the sum of 6 (5 a — x y), and 

3 (5 a — OD y)} 

8. Aid 4 {ab — x + ^y),2(ab — x + 3y)y 
and 5 (a 6 — ^ + 3 y), together. 

9. Required the sum of 3, a (mn — 6 + y z), 
2a(mn — 6 + y 2:), and 4 a (mn — 6 + y z). 

10. Add together 2 (b c — a? y), 3 {be — x y), 

4 (6 c — X y), 5 {be. — x y) and 2 (be — x y.) 
From the several examples which have beeji given 

in the course of this Chapter, and the explanations 
with which they have been accompanied, may be de- 
rived the following general Rule for performing all 
.questions in Addition. Connect together all the terms 
of the gi'&en quantities^ by their proper signs, and unite 
such as are similar, 

11. Add together Sab + 2c, and 5 ax — c -f- 16, 
and 14 — Sax, and 5a6 + 4c — y. 

12. Add together 9x — 4y + 6z — mn + 8 — 
2b + 1 + 4b — Sx +1 y—4mn — x—8b + 
7_5z + 2y + 6jc + z + 9 b —18 + Imn — 
lOo? — 4 — 36 — 5y — 2 z — mn. 

This example may be conveniently arranged for 
adding, in the following manner :-— 

9x — 4y-\-6z— 'm'n+ 8 — 2 6 

— 3a? + 7y — 4mn+7+46 
_ ::x + 2y — 5z -|-7_86 
^- 6 a? + z + 1 mn—l8 + 9b 

— I0x — 5y—2z— mn— 4 — 36 
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13. Add together 6ic + 2aa? — 3y — 12 + 
6a ex — 8 ax + 2y— 6bc +18 — 9acx + 
14-+96C — 8aa? — 7y + 17 + 7 6c— 12y — 

18 + T ac X — 6y + ax. 

14.) 8a? — 7y+ 6m + 4 — 2a? 

_4y_9-. 2x — 6z+9m 

7w— 9a? + 12— 8 y + 4z 

-/10 a? — 4m+3y — 6 + 4 a? 

: [ '. I ^' 

15.) 8 ab c — 5 a (b — a?) — 5 + xyz 
. 3 a (b — x) — 4flJc + 4a?y3: — 10 
2abc+ 9— 15 a?y;?+ 24 

7 xyz^- 2abc + 4a(b — a?) — 18 

16.) 5 fl— 17 — 7a+ 3a?y 

4{x — y) — 13 — 10a?y+ 21 

8 o+ 8(a?-H-y).»— 2a?y+a(a? — y) 
8 a?y+9— 3a— 10 {x — y) 

17.) 16o6 — 3a?2r + 9 — 5w» 
9xz — S + m — 9oi 
4—Sm — 18ofr— 8a?ar 
. 6ni+ 12ai + 2a?^— 11 

18.) 9 a a? y — 15 + a (a — i) — 9 4 c 
b c -^8a(a— 6) + 36 — 5aa?y 
4a (a — 6)— 5ftc + aa?y — 13 
2 — 4oa?y + 8ftc + 5a(a — 6) , 
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CHAPTER III. 
SUBTRACTION. 

SECTION I. 
To subtract a Simple Quantity, 

1. If a man receive 5 x dollars, and pay away 3 x 
dollars, how much l^as he left ? Ans. 2 x dollars. 

Iif this example, where the quantities are similar, we 
obtain the answer by subtracting the coefficients. The 
work is written thus, 5 a? — 3 a;, and then the quanti- 
ties are balanced ; that is, the terms are reduced, ac- 
cording to the directions given in Addition. Let it be 
observed,' that the sign of the quantity to be subtracted, 
is changed from -\- to — . But the sign of the quan- 
tity from which the subtraction is made, is not changed. 

Suppose the value of a? to be 5 ; then 5 a; = 25, 
and 3 x = 15 ; and 25 -r* 15 = 10,' or 2 a?, as above. 

2.) From 3 a? . 3.) 5 6 4.) 16 y 5.) 9 x 

Take x. '2 6. 4 y. 2 a?. 

6.) From 16 a 6 o» v7.) Axy z 8.) 14 «i y 

Take 2a&c. xyz. 3 my. 

^*-^ YuTA T^ 

9. Subtract 5 a a? from 7 a f/^^ ^ / 

10. Take 9 a? y jz: from 10 xy z (0,^ 
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11. Take 6 ab x from Q ah x. § t 

12. From 19 A m j? take 7 A m'p. )t fth^A , 

13. Subtract b from a. ^ Ans- a — b. 
The quantities a and b being dissimilar, we are 

obliged to represent the subtraction, as in the answer 
given. ' , 

That the above expression, a — 6, contains the true 
» answer, may be proved by referring to numbers. Let 
a = 12, and 6^8; then a — 6, that is, 12 — ^ = 4, 
which is the difference of the given quantities. Here, 
too, the sign of the number to be svbtroQted is changjsd 
from -^ to — . I 

14. From 5 x take 2 y. Ans. 5 a? — 2 y. 

15.) From 5 a 16.) 7 a? 17.) 2 m 18.) 7 a; 
- Take b. S y. 3 w. 2 y. 

19.) From Uabc, 20.) 12 a a; 2; 21.) 19 a 
Take 2a?y. 29 A m. * 2y. 

22. Subtract5a?^from4 5:. '^ ^J^. S^JZ 

23. Take 13 6 c from a?, 'q —^ ^- Ic 

24. From 7 f» a? take jp. Vy^^ 1^ 

25. Subtract m n from b c. / /- JL ^^^lj9^ 

26. From 0? 'take 13 i<;. V^ /:? /^ 

27. Take 7 «»a? from p. 7^ ♦- ^^•^'t/ ^ 

28. Subtract 6 c firom m n. /?>vi^ ,^^ ^^tv 
«9. Froma?y;rtakea?y, '^^^f ^ ?^^ 

30. Take 16 from 32 o 6 c. Tloi^ ~jll . 

31. iProm 8 a hex take 4 ,« i c. ^ ^/qjucu ^ If gjc 
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SECTION II. ; 

To subtract a Compound Quantity. 

1. A man, who has 4 x dollars in his pocket, pays 
one debt of 3 a; dollars, and another debt of y dollars. 
How many has he left ? Ans. x — y dollars. 

It is here required to lake the ivhole value of the 
compound quantity, S x^-\- y, the sums paid away, 
from 4 X. Now, if only 3 x be taken, it is ei^ident 
that not enough is subtracted by the value of y, what- 
ever that may be. The work may, therefore, be 
expressed thus, 4 x — 3 x — y ; which, reduced, 
gives X — y. 

To illustrate this by figures, let a? = 5, and y = 3 ; 
then 4 0? = 20, and 3 a? + y = 15 + 3, or 18 : now, 
20 — 18 = 2, and 20—15—3 is also 2. In this 
last expression, we may either subtract 15 frdm 20, 
and then subtract 3 from the remainder ; or we may 
add — 15 and — 3 together, and subtract their sum 
from 20. The result is the same both ways. Here, 
the signs of bath the quantities to be subtracted are 
changed from + ^o — . 



2.) Subtract 3 a + 6 from 5 x. Ans. 5 a:— 3 a— 6. 


3.) From 3 a 4.) 
Take 2 a + J. 


babe 5.) 4 a? 
o S £ -f y. 6 + z. 


a — b. 




6.) From abed 
- Take 2 m -f 3 y. 


7.) 47 8.) abx 
x + bd. 3aa?+12. 
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9. From 6 a take 3 a + i, 

10. Subtract 2 a? + y from 4 a. 

11. Take a? + 16 from a;. 

12. Take 23 + a? from 40. 

13. Subtract 4 y + a? from h c. 

14. From y take y -|- x. 
lb. Take 4 + a? from 5. 

' 16. From 5 a; y take a? y + 5. 
^7. Subtract 36 + 2 y from 48. 
18. Take x '\' y from 2 x, 

, 19. From 5 a? take 3 a? — y. An5. 2 a; -f- y* 

In this example, the value of the compound quantity 
3 a? — y is to be taken from 5 a?. The whole value of 
3 a? is not to be subtracted, but the df^ercncc between 
that value and the value of y. If, therefore, we sub- 
tract the whole of 3 a?, we subtract too much by the 
value of y, which must afterwards be added, to give 
the true answer. The work may be expressed thus, 
5 a? — 3 a? + y ; which, reduced, is 2 a? + y. 

Perhaps this will be better understood, if illustrated 
by figures. Let a? = 6, and y = 4 ; then 5 a? = 30, 
and 3a? — y= 18 — 4; that is, we are required to 
take 18 —A from 30. Now, 18 — 4 = 14> and 
30 — 14 = 16, which is the true answer. But if we 
take the whole of 18 from 30, we take too much by 
4, as we are required to subtract only the excess of 18 
over 4 ; we must, therefore, add 4 to the remainder, 
to obtain .the true answer ; thus, 30 — 18 -j- 4 = 16. 
We may either add 4 to 30, and subtract 18 from the 
sum; or we may subtract 18 from 30, and add 4 to 
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the remainder. Here, too, both the signs of the quan- » 
tities to be subtracted are changed, the -{' to — and 
the — to +. 

20.) From 14 a 6 21.) 17 « y 

Take 12 ab — xy — z. 12 a?y— a6m. 

. 2 a 6 -f- a? y -f-. *• 

82.)Frpm5fl6 23.) 27 ma; 

Take, 5 a 6 •— 7 + a:. \9mx — y — Z ab. 

24. Subtract bc — Q from 16. 

25. Take xy z — a from b c x, 
^. From a b take y — a?. 

27. From 48 take a? — 16. 

28. Take x z — y from b x. 

29. Subtract xy z — 9a? from a b c. 

30. From y take y — 4. 

31. Subtract ab + 1 from a a?. 

32. Take x y — 9 a from 2 a? y. 

33. From Sad take 2 a d + 9. 

34. Subtract 5 m — 5 a from 4 m. 

35. From 18 take x — 18. 

36. fake a + 6 from a. 

37. Subtract 12 + 4 a from 27, 

38. Subtract a + 12 frbm 19. 

•39. From 5 (a + ^) take 2 (a + 6) — a:. 

40. From x {x — y) take 2 a? (a? -rr- y) — » y, 

41, Tjike a a? -f 6 from 3 a a?. 
; 4* 
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SECTION III. 
General Rule for Subtraction. 

1. Fropi a? subtract — x. Ans. 2 x. 
According to the principles already explained, — x 

becomes + x^ when it is subtracted froiji any quan- 
tity ; we have, therefore, a; -}- a? = 2 a?; that is, svJh 
trading q negative quantity is the same thing as adding 
a positive quantity of the same value. If A is in debt 
1000 dollars, we should subtract that sum in forming 
an estimate of his property ; but if B cancels that 
debt for him, that is, subtracts that — quantity, he 
evidently increases or adds to the amount of his prop- 
erty as much as if he had actually given 1000 dollars 
into his hand. 

2. From a + 6 isubtract x — y. 

Ans. a '\- b — a? -f- y* 
It i& here required to subtract the difference of two 
quantities, x and y, from the sum of two other quanti- 
ties, a and b. Suppose o = 8, 6 = 6, a?=:ll, and 
y = 2 : We then have 8 + 6, from which we are to , 
subtract 11 — 2 ; that is, 14 — 9, or 5, which is tlje 
answer. But 8 + 6 — 11 +2 is also equal to 5, 
which corresponds with the answer as expressed above. 
The signs of the quantities subtracted are changed 
as before ; but, in all cases, the signs of the other quan- 
tities, from which the subtraction is made, remain tm- 
changed. 
From the several questions proposed in thischapter> 
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7.) From 17 x y— 102— 12 ahm 8.) Ixm + 14 y 
Take 47 a 6m — a?y+3 ar. 14y + 6m. 

9.) Yxotaahx + Zyz 10.) 21a?y;? — 34 + ^ 

Take 3yz + a6ir. - 21+5: — lAxyz. 

11!) Froman + op 12.) 19 a 6 a? — 2amn — Ihcd » 
Takea^yz — 60. 3a6c + 56cd — amn. 

13.) Froma? + y 14.) ry^f— 15'+ 7 06 + 25 a? 

'take a; — y. 24 + 2ry2r — 8a?. 

15.) From 24a? + 3yj8?— 12aic — 6mn_p + 5 
Take l^ahc—^mnp-^^x + yz+l^—xy. 

16.^ From a? + y + 2r 17.)3a6a? — i4+6a 
Take a? — y — z, Z ah x — 14 — 6 a. 

18.) From 3 a? + 5 y — z 19.) 8 a m — a? y 

Take 2 a? + 5 y + 2?. 3 am — z. 

20.) From 6to2? — 8oz + 12— 14 ma?y 
Take — 6 m ^^ + 8 a 2f — 12 + 14 m » y. 

21.), From 3aa? + 5ay — ^ ah take ^ a a? + 5 o y 
— 9 ah. > 

22.) Take 18 + 2 a w from 5 a m — 17. 
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and the reasoning which follows them, we derive the 
following generqil Rule for Subtraction in Algebra : 
Change ' all the signs in the quantity to he subtracted^ 
each -{- to — and each — ^o -{- ; and unite the terms 
that are similar^ as in Addition. 

The subtraction i«, in fact, performe^f when tl^e signs 
of the terms to be subtracted are changed. The ol^ect 
of the remaining part of the operation, is, to reduce 
the number pf terms, by uniting or cancelling such 
as are similar, that the answer may be presented in 
its simplest fornfi. 

3. What is the value of a; — (a + 6 — c) ? 

Ans. X — a — 6 -{- c. 
The expression used in "this question implies, that 
the whole quantity included in the parenthetical 
marks ( ), namely, a + 6 — c, is to be subtracted 
from x; of course, all: the signs must be changed. 

4. What is the value of a b — ( — ex + d — 16) ? 

Ans. a b -{- c X — d-{- 16. 

5.) From 6x + 3y 6.)nxy z + U — ab 

Take 5 a? — 4 y 13 ab + 24: + I8xyz. 

It is recommended to the student, in performing 
these examples, actually to change the signs ; at least, 
until he becomes perfectly familiar with the operation. 
The last two examples, thus prepared, will stand 

5.) 6x + 3y 6.) 11 xyz+U—ab 

— 5pD + 4y -^ISab—M — lSxyz. 

x + ly — 14 oJ — 10 — xy z. 
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. CHATTER IV. 
MULTIPLICATION. 

SECTION 1. 
Simple Quantities, 

1. What will 5 oranges come to^ at a cents apiece ? 

Ans. 5 a cents. 
It is evident that 5 oranges must cost five times as 
much as one orange ; therefore, if one orange cost a 
cents, whatever the value of a may be, 5 oranges will 
cost 5 a cents. Let a = 2 cents ; then 5 a = 5 X 2 
or 10 cents. 

Multiplication is merely n short way of perform' 
ing Addition, when the quantities to be added happen 
to be equal. When these quantities are unequal, their 
united value or amount can be foufid only by adding 
them all together. And it is evident that, when they 
are equal, their amount can be found in the same way. 
Thus, 

2 + 2*=4, . or 2X2= 4, 

2 + 2 + 2 = 6, or 2X3=: 6, 

2 + 2 + 2 + 2 = 8, .or 2X4= 8, 

2 + 2 + 2 + 2 + 2 = 10, or 2X5 = 10; 
where, in the Jirst column, the same results are ob- 
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tainec^ by addition, as are obtained, in the second^ by 
multiplication. 

So, too, in literal quantities ; if one orange cost a 
cents, two oranges will cost a + a = 2 a; three, 
a + a -f a = S a; four, a +a + a + a = 4 a ; 
and five, a + a-{-a + a + o = 5a cents, as in the 
questioa.' 

To multiply a literal quantity by a number, there- 
fore, all that is required is, to make the number the 
coefficient of the quantity ; for the coefficient shows 
how many times the value of the quantity is to be 
takefi. 

In Algebra, as in Arithmetic, the number to be mul- 
tiplied is called the multiplicand; the number by 
which we multiply, the multiplier; and the result of 
the operation, the product. The multiplier and mul- 
tiplicand, when spoken of together, are cvMed factors, 

2. If a yard of cloth is worth a dollars, what is the 
value of 6 yards ? Ans. ^6 a. 

It is recommended to the student to prove his an- ^ 
swers to the questions, by substituting such numbers 
for the letters given, as he pleases. 

3. If there be x apples in a bushel, how many are 
there in 9 bushels ? Ans. 9 x apples. 

4. If the interest of a given sum of money be y 
dollars per annum, what will the interest be for 8 
years ? 

5^ How many bushe*ls of corn are there in a field 
of 12 acres, which produces a bushels to the acre ? 

6. How much will 10 yards of cloth come to, at c 
dollars per yard ? 
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^ 7. A man gave away a dollars every day^ how 
much did he give away in a week ? 

8. What are a man's Expenses for a year^ who ex- 
pends a dollars a day ? 

9. If there be x yards of cloth in one piece of linen, 
how many yards are there in 15 pieces? * 

10. How many rods of wall can a man build in 
thrfee weeks, if he build a rods a day ? 

11. How many panes of glass are required for 14 
windows, each window having c panes ? 

12. What is the value of a yards of calico, at c cents 
a ytu'd ? Ans. a c cents. 

It is evident that the price, c, must be multiplied by 
the quantity, a; which may be expressed thus, a X c, 
or thus, without the sign, a c. Let a = 7, and c = 12 ; 
then a X c, or a c = 7 X 12, or 84. . 

If the price had been c d cents, we should have 
multiplied that quantity }>j a, and the answer would 
have been a c d. ^. 

Or, if the quantity had been a b yards, and the 
price c d cents, we should still have multiplied the one 
by the other, and the answer would have been abed. 

Hence, to multiply one simple literal quantity by 
another, we write all the letters in both quantities to- 
gether. 

13. If X men can do a piece of work in y days, how 
lotg will it take one man to do it i^ Ans. x y days. 

14. Multiply axhy y, Ans. axy, 

15. Multiply J c by m n. . 

16. Multiply ab xhy y z. 

n. Multiply amnhy xy z. . ^ 
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18. Multiply ab chj hmn. 

19. ^Multiply xhy ab c. . ' 

20. Multiply mco zhy ab y. 

4 21. If a horse travel J miles in one hour, how far 
will he travel in 2 a hours ? Ans. 2 a J miles. 

Let 6 = 6, and o = 5 ; then 2 a = 2 x 5, or 10 ; 
and 2 a 6 = 2 X 5 X 6, or 60. Or we may say, 
in a hours he will travel a b miles ; in 2 a hours he 
will travel twice as far, that is, 2 a 6 miles. 

22. What will y loads of hay come to, at 4 a dol- 
lars a load ? 

23. Multiply 4 a 6 by a? y. 

24. Multiply axhy 1 b c. 

25. Multiply yhj 9abm. 

26. Multiply 1 ab nhy xy z, 

27. Multiply o r a? by 12 6 c y. 

28. Multiply 9 a m n by a;. 

29. Multiply Ayhy ab m. 

30. Multiply 17 a'm xhy b cy z. 

31. What will 5 barrels of flour cost, at 2 a dollars 
per barrel? Ans. $10 a. 

If one barrel cost 2 a dollars, 5 barrels will cost 5 
times 2 a, that is, 10 a dollars. Let = 3; then 
2 a will be twice 3, or 6 dollars a barrel ; and 5 bar- 
rels will cost 5 X 6 = 30 dollars. But 10 a = 10 X 3, 
or 30 dollars also. 

32. A cistern has 4 cocks, each of which will dis- 
charge 5 X gallons in an hour. How much will flow 
from them all in 2 hours ? Ans. 40 x gallons. 

33. Multiply 8 a a? by 4. 

34. Multiply Vi ah xhy 6. 
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35. Multiply 9qbchy9L 

36. Multiply 15 a by 3. 

37. Multiply 8 x if z hy 14. 

38. Multiply 12 6 c m y by 18. 

39. Multiply 73 i w y by 42. 

40. Multiply 19 a 6 a? « by 12. 

41. If a man's income be 2 J dollars per day, what 
will it be in 6 a days ? Ans. 12 a i dollars. 

Here the income of one day must be multiplied by 
the number of days> and the answer may stand 6 a 2 &. 
Let a = 2, and 6 = 4; then we shall have 2 b =^8, 
and 6a = 12,^ and 12 X 8 == 96. But6a26,that 
is, 6 X 2 X 2 X 4, is also 96. This expression is 
made more simple, however, if we multiply the two 
numbers, 2 and 6, together, and use their product 
12 a 6, as in the answer given above ; for 12 a b, that 
is, 12 X 2 X 4 = 96. 

And let it be observed, that, although it matters not 
in what order any two letters are written, two numbers 
must always be separated^ either by a letter^ or by the 
sign X ; for, if a = 2 and 6 = 4, 

6 a 2 6 is 6 X 2 X 2 X 4 = 96. 

26 o i is 26 X 2 X 4 = 208. 

62 a 6 is 62 X 2 X 4 =;= 496. 

From these examples we derive the following Ruli 
for multiplying simple quantities : Multiply the nunp 
bers or coefficients, and annex aU the letters in tM 
several quantities to their produ^. 

42. Multiply 5 a 6 by 6 a?. 

: 48. Multiply 8 « «^ by 3 my. , 

44* Multiply 19 a? y by 4 6 m 
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45. Multiply ^xy zhybx. 

46. Multiply 12 w n by 52. 

47. Multiply 19 x yhylZ ah z. 

48. Multiply a; y by 14 a m. 

49. Multiply 71 a wi by 22 6 A y. 

50. Multiply 19 y by 12 a a?. 
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Compound Quantities. 

1. A man gave to his son a dollars, and to his 
daughter h dollars^ every week. How much did he 
give them both iq c weeks? Ans. a'C'\'h c dollars. 

To his «on and daughter he gave a -f ^ dollars in 
one week. Her^we have B.*compound quantity, a + ^> 
to be multiplied by a simple quantity, c, the number 
of weeks. To the son he gave a c dollars, to the 
daughter b c dollars, in c weeks ; that is, a c + b c 
to the two. 

Let (t = 4, 6 = 3, and c = 5 ; then a c = 20, 
i c = 15, and a c + i c = 20 + 15 =. 35. Again, 
a + 6 = 4 + 3 = 7 ; and 7 X 5 = 35, as before. 

Hence, to multiply a compound quantity by a sim- 
ple one, we must multiply every term of the former by 
the latter. 

2.) Multiply 4 a + 5 6 3.) ah + Sa^x 

By 3 c 5 a c 

12 a c + 15ic 5aabc+15aacx 
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4. Multiply 6 4- ^ ^ + 5 a? y + 13 by ab. 

5. Multiply 6a6 + 8y + 19 6by4aaj. 

6. Multiply I2b + 9z + I5hjl axy. 

7. Multiply 1,1 a 6 + n + y by 9 a j» a?. 

8. Multiply cy-f-w + 4 + ;2fbyaJa?. 

9. Multiply 6dm + a? + 5y + lby7am. 

10. Ifultiply 5aa?5? + l+3a? + ybyaJa?. 

11. Ilultiply 7na? + 5y + 8'aby4Jcm. 
If. Multiply 9a:y + 1 +6a«byo. 

13. Multiply cd + 6 + c + a + a?bya J. 

14. Multiply 7a5 + 9aia?y + 2bycd. 

• 15. What is the product of a + i multiplied by 
a? + y ? Ans. aa? + Ja? + ay + Jy. 

In this question, both the multiplicand and the mul- 
tiplier are compound quantities. Now, if we multiply 
a -{- bhy X only, the product is a a? + 6 a? ; 'but as x 
is smaller than the whole multiplier by the value of 
y, we must multiply by this quantity ^Iso, and add 
the product, a y + 6 y, to the former. 

To illustrate this by numbers, let a =3 2, b =z 3, 
^ = 4, and y = 5. Thei^ we have 2 + 5 to be mul- 
tiplied by 4 -I- 5. Now, 2 -|- 3 = 5, and4 + 5 = 9, 
and 5x9 = 45. Or the work may be expressed 
thus : 



2-1-3 

4+5 

8 4- 12 

10+ 15 



ft 



8 + 12 + 10 + 15 = 45. 
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' 16. What is the product of 2 a + 8 ft multiplied by 
3a + 2ftf . 

3a + 26 

6 a a + 9 a 6 

4aft + 6bb 

Ass. 6 aa + 13 ab + 6b b. 

The terms 9 a ft and 4 a ft being similar, they are 
united as in Addition. When both the; multiplicand 
and multiplier are compound quantities, eacA term of 
the former must be multiplied by each term of thp 
httet; and the severc^l products must then be added 
together. 

17. Multiply 9 a y -}- 6 rf by 6 d + a y. 

18. Multiply 3aftc + 8ay+a? by aftc + «- 

19. Multiply 6 rf- c + 8 by 6 + c + 10. 

20. Multiply a?+y + ar+4bya-[-c. 

21. Multiply Boft + c + ^ybyojy + c + aft. 

22. Multiply 4a6 + 26 + 5aby3a + 7ft. 

23. Multiply i»ft + 4by5 + oft. 



SECTION III. 
Signs in Muliiplication. 

As all the examples hitherto proposed in this Chap- 
ter, consist of positive quantities, nothing has been^ 
said on the subject of the signs ; for it is evident, that 
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the product of two positive qtiantities miLst also be 
positive. When you multiply + a by + 6, you 
merely take -)- a as many times as there are units in 
b, without making any alteration in the nature of the 
quantity expressed by it. 

1. A gentleman's income being a dollars, and his 
expenses b dollars per week, how much will he save 
in c weeks ? Ans. a c — be dollars. 

Here we have a — 6 to be multiplied by c. His 
income is a c dollars, and his expenses b c dollairs, for 
the given time ; then a c — be expresses the excess 
of the former over the latter. 

Let a = 12, 6 = 10, and c = 5 ; then we shall 
have 

a — b 12— 10= 2 

. c 5 5 

^ ac—bc. 60 — 50 = 10. 

Here, — multiplied by -{-, gives — in the product.' 
» 

2. Multiply 3 a? — 6 a? by a rf. 

3. Multiply 8 a J — 1 by a a?. 

4. Multiply 9 a a? — 17 a? by 3 a c. 

5. Jtfultiply a— bx — ^ybycmTt. 

6. Multiply ai-f-a? — 1 +a by a? y z, 

7. Multiply 3a?y-*6a?by5cd. 

8. Multiply ab e — 1 +6a?by9mn. 

9. Multiply a a? ^^— 4 — a? by a a: + ^• 

10. Multiply b ex — 16 by a c + m 2;. 

11. What is the product of a + i multiplied by 
X — .}f1 Ans. ax -^-b X — ay — by. 

W^ first multiply a -|- ft by a?, which gives o a? + J a; ; 
5* 
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but this product is evidently too large, as we are not 
required to multiply by the whole value of x, but only 
by its excess over the value of y. We must, there- 
fore, multiply by y, and subtract the product, ay + 
h y, from the former ; but when subtrabted, it becomes 
— a y — J y. 

Let a = 7, J = 5, a? =^ 10, and y = 4 ; then we 
shall have 

a + h 7+5= 12 

x—y 10— 4 = 6 

ax +6x 70 + 50 72 

— ay — by ' '_28 — 20 



ax +hx—ay — by. 70 + 50—28—20=72. 
In this operation, + multiplied by — , gives — in 
the product, 

'l2. Multiply 3 a + 6 y by d — /. 

13. Multiply ab + c+xhj2c — d. 

14. Multiply 5a+ 26 by 6a — 3 6. 

15. Multiply a? + y + 2; by a?— -y — z. 

16. Multiply 5a;+5by3a? — 3. 

17. Multiply aicr + cwbyl — 5y. 

18. Multiply r a? + a + 16 by — 8 a?. 

19. Multiply a + 5+a?bya— a; — 5. 

20. Multiply A m + 16 + y by 9 i — 8 6. 

21. Multiply a — i by a? — y. 

Ans. ax — bx — ay + by. 

We first multiply o — i by a?,' and the product is 

ax — b X. -But we are not required to multiply 

a — 6 by the whok value of a?, but only by its excess 

#ver the value of y; we must, therefore, multiply by 
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y, and subtract this product from the forrriter. The 
product of a — 6 multiplied by y, is a jf — by, and 
when subtracted, it becomes — a y'^ b y. 

Let a = 15, 6 = 5, 0? = 12, and y = 8 ; then we 
,have ' 

a — b 15— 5 = 10 

x — y 12— 8=4 

ax — bx 180 — 60 40 

— a y + 6 y —120 + 40 



ax — bx — ay + by,. 180,-60 — 120+40 = 40. 

Hence it appears, that — multiplied by — gives + 
in the product. This is a principle which is very apt 
to perplex beginners. To use a common expression, 
they cannot understand how the multiplying of less 
than nothing by less than nothing, can give a real or 
positive quantity. Thus stated, the subject is, indeed^ 
quite inexplicable; but the whole difficulty vanishes < 
when it is remembered that there are, in fact, two 
operations carried on at the same time, namely, Mul- 
tiplication and Subtraction. We first multiply by 
the negative quantity, as if it were positive ; and then,, 
jby changing the signs of all the terms, subtract the 
product from the quantity already obtained. 

22. Multiply b -{- a c — be by/ — c, 

23. Multiply a — a i — 4 by i — 5. 

24. Multiply — 6 a by — 6 a. 

25. Multiply 12 a J — 8 by a — 12. 

26. Multiply — 8 by — 6. 

87. Multiply 8aft — 3a:by2a6 — 5 a?. 
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SECTION IV. 
General Aule for Multiplication, 

In the preceding sections of this Chapter, have 
been developed all the rules to be observed in the 
multiplication of algebraic quantities. To facilitate 
practice, they will now be repeated together. 

1. Multiplication. Multiply each term of the 
multiplicand by each term of the multiplier, 

" i. Signs. When both term^ have the same sign, the 
product has the sign -f- ; but when they have different 
signs f the product has the sign -r- • 

3. Coefficients. Multiply the .coefficients of both 
terms togetl^er, and use their product. 

4. Letters. Write the letters of both terms in or- 
der, one after the other. 

5. * REDUctiON. Add together the several products 
by their proper signs, and unite such as are similar into 
one term. 

1. Multiply a? + 2a?y-fybya; — y. 

Ans. X X -{- 2x xy — 2a:yy — yy. 

2. Multiply a? '+ a? y -|- y by a? — a? y + y- 

3. Multiply 3a? — 2a?y + 5bya? + 2a?y — 3. 

4. Multiply 2 a — 3aa? + 4a?by5a — 6aa? — 2a:. 

5. Multiply a;4-36 — 6by4a? — 86 — 8. 

6. What is the product of7Z — 2w — 9 multi- 
plied by 3 Z— 11 m? • 

7. Multiply a4-i+6bya — J — 6. 

8. Multiply ah-^h e + c dhyab ^bc — c d^ 
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9. What is the product 6f 5 + i — c multiplied 
by a — i + 9 ? 

10. What is the product of 7 a — 3 pp + 5 multi- 
plied hj 4 a -\- d1 

11. Multiply b b — b c + c chj b + c. 

12. Required the product of 3 mmx — m x + x 
multiplied by 2 m — y. 

13. What is the product o{xx-\'Xy + 3z mul- 
tiplied by a? + 1 ? 

14. Multiply a-f-6 — cbyl — x. 

15. What is the product ofoa — 4 a x -}- x x 
multiplied by a -f- a?? 

16. Required the product ofoa — 2ay + yy 
multiplied by a — y. 

17. Multiply a + c — ghy4aa'\'3cg. 

18. What is the product of m — n -{- z multiplied 
bySmn — 2yz? 

19. Required the product of 16 am +3 ac multi- 
plied by — a y + 4 «n. 

20. Multiply a a -hfb b -f-8bya? — y y y- 

21. What is the product ofx x + y y y — 7 multi- 
plied by a? — y 7 

22. Required the product ofa-f-i + c-|-rf mul- 
tiplied by a — b — c — d. 

23. Multiply 13 a? y — 12 a? by y -- 1. ' » 
24.' Multiply 3a + 5 — 26by5o-l-26 — 5. 
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CHAPTER V, 



DIVISION. 

SECTION I. 

Simple Quantities. 

1. If you divide 15 cents equally ^mong 3 boys, 
how many cents will each boy have ? Ans. 5 cents. 

When any given quantity is to be separated into a 
(iertain number of equal partSj the value of one of 
those parts is determined by Division. Thus, if .we 
were to count off 15 cents into three equal piles, we 
should find that each of those piles would contain 5 
cents ; that is, 3 is contained 5 times in 15. 

The quantity to be divided is called the Dividend ; 
the quantity, denoting the number of equal parts into 
which, the dividend is to be divided, is called the Di- 
visor; and the value of one of those parts is called 
the Quotient. Thus, in the above example, 

15 is the Dividend, 
3 is the Divisor, 
5 is the Quotient. 

As Division is the reverse of Multiplication, the 
divisor and^ qiu)tient being mtUtipKed together, mil 
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reproduce the dividend. Thus, in the question above, 
3x5 = 15. Indeed, the dividend may be regarded 
as a product, of which one of the factors, the divisor, 
is known ; and the whole object of Division is, to find 
the other fiictor, namely, the quotient. 

2. 6 a -7- a = 6 ; for 6 X a = 6 a. 

3. ab -^ b =z a; for a X^b =z ab^ 

4. a J c -^ a = 6 c; for b c X a = ab c. 

5. ab c -^ b =z a c; foracx b =z ab c. 

6. abc-^c=zab; (or abxczziabc, 

7. 16 a -7- 4 = 4 a; for 4 a X 4 = 16 a. 

8. 20 a 6 -7- 5 a = 4 6 ; for 4 6 X 5 a = 20 a i. 

9. 32aJc-^8o6=:4c;for4cx8oJ = 32a6c. 

In each of thei^e examples, our object has been, to 
find some quantity, which, being multiplied by the di- 
visor, would produce the dividend. The mode in 
which this may be done, is evident, namely : Divide 
the coefficient of the dividend by that of the divisor ; 
and omit in the qiLotient all those letters which are com- 
mon to the given tenns. 

10. Divide 18 i% b m xhy 9 ab x. 

11. Divide 27 a 6 c m y by 3 6 c y. 

12. Divide 9 hmnphj 3 h m, 

13. Divide a bx hy ab x, 

14. Divide 39 a 2r by 13 z. 

^5. Divide 108 ab chmnxhy 12 a cmx. 

16. Divide 2A c^xy zhy \2xy z. 

17. Divide 36 a a; y by 9 a a? y. 

18. Divide 72 a J c aj y by 8 a i a:. 

19. Divide \8hmnx zhy Qhmx z. 
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20. Divide 56ao^yzhylxyz. 

21. Divide a by i. Aws. v. 

b 

Here, the given quantities being dissimilar, the di- 
vision cannot be performed, but only represen,ted ; we 
therefore write the divisor under the dividend, in the 
form of a fraction. 

22. Divide xhy y, 

23. Divide a bhy c x. 

24. Divide 4 a & c by 5 a; y. 

25. Divide 17 a J a? by 21 c d y. 

26. Divide a bhy ax, ' Ans. ~ . 

This may be written ^ , and then reduced, as in 

the answer, the two a's being cancelled. Let a = 4, 
6 = 5, and a? = 6 ; then o 6 = 4 X 5, and also 

.aa;=:4x6; and ^ = j^g = ^ =|> as above. 

27i Divide db chy ab x, 

28. Divide abmxhyabxy. 

29. Divide a b m by a bm. 

30. Divide abmx by abmxy. 

31. 'Divide ab x yby ab x. 

32. Divide hcmxy by abcxz. 

33. Divide 14 a 6 by 7 c. 

, We may first express the division thus, -^ , and 

reduce the result by dividing both ternpis by 7. 

34. Divide 16 a 6 by 4 on. 

35. Divide 20 a 6 by 4 a x. 

36. Divide 15 x yby 5 ax y. 

37. Divide 95 a b cmbj 10 ab x. 
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88. Divrde 18 « bfm by 6 a bfm n x. 

89. Divide^Sl a a? by 7 a 2c y. 

40. DiVide 6 g* A. by 3 a? y. 

41. Divide 14 a i a: by 2 a 6 a?. 

42. Divide a hfg h by a/A x. 

43. Divide 49aicffyby7a6cc2map. 

44. Divide a^mxhyAabmy. 

45. Divide 12 (a — 6 + 9) by 8 (a — 6 + 9). 

46. What is the quotient of a 6 (19 + x — y) di- 
vided by 6 (19 + a: — y) ? 

47. Divide 12a 6 (a? — y + z) by 3 a (a? — y + z). 

48. Divide 4 (a 6— 10 + a?) by 7 (a b— 10 + x). 

49. Divide 3 (a y — 12 b) by a {ay — 12 b). 



SECTION II. 
Signs in Pivision. 

The process of dividing one algebraic quantity by 
another, consists of two parts : the first is, to ascertain 
the proper expression of the quotient, in letters and 
figures ; the other is, to determine the character of 
that expression, either as positive or negative. . In the 
last section, the mode of dividing one simple quantity 
by another, was considered alone, without any regard 
to the signs. The mode of determining these, will 
form the subject of the present section. 

1. Divide alhy b. , Ans. a. 

In this example, both of the given quantities are 
positive. And the divisor, 6, being +, the quotient, 
6 
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^ a, must be -4" also ; for, multiplied together, tbejr 
must give the product + a ,b, that is, the dividend. 
But if we suppose the quotient to be — . a, we shall 
have — o X + ft, which will give -^ a i, Hence, - 
-|- divided by + gives -f" *^ ^Ae quotient. 

2. Divide abhj — b. Ans. — «. 
Here, the divisor, J, being — , the quotient, a, must 

be — also ; for + « X — b will give — aft, and not 
-\- ab, which is the dividend. Hence, + divided 6y 
' — , gives — in the quotient. 

3. Divide 16 ab x by — 8 ax. Ans. — 2 6. 

4. Divide 36 ah mny hy — 12 amn> 

5. Divide 12 ab x yhy — 9 axy, 

6. Divide a b xhy — a b x. 

7. Divide 12 a wn by — 4 a mn. 

8. Divide 16 ab r z hy — 8 a br. 

9. Divide 28 aJwnp by — 7a wjp. 

10. Divide 48 a A y by — 16 a y. 

11. Divide — a 6 by 6. Ans. — a* 
In this example, as the dividend, a i, is a — quan- 

' tity, and the divisor, 6, is +, the quotient must b^ — ; 
for — a X + ft gives — a ft, the dividend. Hence, 
— divided by +, gives — in the quotient. 

12. Divide — 16 a why 4 ax. Ans. — 4. 

13. Divide — 21 a i m n by 7 a m n. 

14. Divide — 33xy zbyl x z. *► 

15. Divide — 32 a ft c m y by 16 a 6 »i y. 

16. Divide — a ft by a 6. 

17. Divide — 28 by 7. 

18. Divide — 49 ax zhyl a z. 

19. Divide — 96 a ft ex by 12 c x. 
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520. Divide — 2S amnphj 1 amn. 

21. Divide — o 6 by — b. Ans. a. 
Here, as the divisor is — , the quotient must be + ; 

for their product must produce the dividend, namely, 

— a J, which is the product of + a X — b. But if 
we suppose the quotient to be — , then we shall have 

— a X — 6 = + a 6, which is evidently wrong. 
Ifence, — divided by — gives -j- in the (fuotient. 

22. Divide — 18 a b m x by — 6 a bm, Ans. 3 x. 

23. Divide -r- 26 Aw n a? by — 5 A to 

24. Divide — 32a6cyby — 8ac 

25. Divide — 45 h mr x by — 9 mx. 

26. Divide — 12 6 c by — & c. 

27. Divide — b c xby — be. 

28. Divide — 27 y. z by — 9 y 

29. Divide — 64 win by — 16 to. 

30. Divide — 9xy2;by — 3 x y z. 

From the preceding examples and remarks, we de* 
rive the following general Rule for the signs in Di- 
vision : 

When the signs of the divisor and dividend are 
aUke, the sign of the quotient is -{- ; when they are 
not alike ^ it is — . 

31. Divide 18 a 6 a? y by — 9 a x. Ans. — 2 i y. 

32. Divide — 64 a to a? by 8 fl to. 

33. Divide 81 abcmn by 9abc. 

34. Divide — 63 A to n p by — 7 A to. 

35. Divide 84 a y by 12 a y. 

36. Divide — 9n abxy zby — 9 abx. 

37. Divide 42 A to a? by -- 7 a^ 
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88. Divide ahhy c d, 

39. Divide ahj — K , 

40. Divide — 9 a op by 4 ir. 

41. Divide 9 a; y tqr — 4 y. 

" 48. Divide— l^^icrfby — 3Jc«. . 

43. Divide 18 a? a: by — 6 a? y* 

44. Divide 7 w « by — 3 n. 

45. Divide — %x z\>y Z z. 

46. Divide r— 7 a J by — 3 a. 

47. Divide 7 a S by 3 a. 

48. Divide — 8 a 6 c by 3 o 6 c<. 



SECTION in. 

I 

, Comf(mnd ^uandties^ 

1. Divide a 5 + a c by a. Ans..6 -f e. 

We have here a compound quantity, a 6 + a c, to 
be divided by a simple quantity, a. We first divide 
a h by a, and the quotient is (; we then divide a cby 
a, and the quotient is c : that is, we divide each term 
of the compound quantity separately, 

8^ Divide 12 a c + 9 i c by 3 c. Ans. 4 d + 3 5. 

3. Divide 18 a a? + 15 — 21 a 6 by 3 a. , ^1*^ ' 

4. Divide 3a6c+. 12a6a? — 9a6hy3a4. -^ 

5. Divide 10 a a? — 15 a? by 5 a?. 

6. Divide anx -{- ah x — a by a or. 

7. Divide a x r^ ay -{^ azhy a. 

8. Divide 6 a & + 12 a c by 3 a. 
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9. Divide 35 dn '\' Udxhjl d. 

10. Dividel2a6y + 6afta?— 18 6iii + 246by6i. 

11. Pivide 16a — 8 + 12jf — 20arfa?+fiiby4. 

12. Divide 15 a £ — 25 6 a? -f 10 a m by 10 a. 

13. Divide 28a6a? — 14 6a? — 49A«y by 7 ia?. 

14. Divide 16 a 6 — 12 a c by 4 a. 

15. Divide 12 a? y — 18 y by 6 a:. 

16. Divide 24 a i — 24 a by 8 a. 

17. Divide 21 o 6 — 14 a? by — 7 a. 

18. Divide a+i — 8 by a. 

19. Divide 15 i»n -f- ^5 a? by 5 ai. 

20. Divide 17 — 12 a + a 6 by 3 a. 

21. Divide a + 6 by a? + y. Ans. 

In this example, both the divisor and dividend are 
compound quantities ; but, as all their terms are dis 
similar, it is evident that the division can only be rep- 
resented, and not actually performed. 

22. Divide ac + 6c by a + 6. 

c + b)ac + bc(c 
ac + b c 

*♦ *^ 

In this example^ we divide the first term of the 
dividend, a c, by the iSrst term of the divisor, a, and 
obtain c for the quotient. We then multiply the 
whole divisor^ a + i, by c, to ascertain whether it be 
the whole quotient, or only a part of it; and the pro- 
duct ia ae + b c, that is, the dividend. 

23. Divide bx + cx by b^c. 

24. Divide a a + abhj a + b. 

6* 
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25. Divide S aa — 2 abhj Sa-^ib, 

fi6w Divide I9aa+ 6 abhy 4 a + »b. 

ST. Divide 18 a aa + &a ab — I2 0ax hj6 a 
+ 8 ft— 4 a?. 

S8. Divide 14 a & + 31 a c^^ 49 a «; by 2 6 + 3 c 
+ 7 0?. 

29. Divide b b + S b c + 2 c chj b + c. 

b + c) 6i + 3&c + 2cc {b + 2e. 
' bb+ be 

2ic + 2cc 

2bc + 2cc 

* » 

' In this example, as in the preceding, we divide the 
first term of the dividend by the first term of the di- 
visor. The quotient of 6 6 divided by 5, is 6^ We 
then multiply the whole divisor, 6 -f-. c, by 6, and ob- 
tain the product bb + bcy which is not equal to the 
dividend. We are, therefore, certain that b is not 
the whok quotient. This product is then subtracted 
from the dividend, and the remainder is 2 i c -f- 3 c c, 
which must also be divided. We begin as before, 
and divide the first term of this remainder by the first 

term of the divisor ; that is, -— -^ = 2 c, which is the 

b •' 

second term of the quotient. We next multitply the 
divisor, b + c;hy 2 c, and the product is equal to the 
remainder of the dividend. The whole quotienti iff 
& + 2 c, which, being mullaqptied by the divisor, will 
reproduce the dividend. 



BITISION. W 

80. Divide aa + 2ab + bbhya+b. 

a + b) an + 2ab + bb (a + i. . 
a a -{- ab 

ab + bb 

ab + bb 

# * 

81. Divide a a — iJbya-f-6. 

a + 6) a a — bb (o — i. 
a a '{' ab 

— ab — bb 

— ab — bb 



This example is like the former^ exceptidg that it 
eontfidns negative quantities. We obtain the second 
dividend, — ab — bb, hy subtracting aa-^- ab from 
a a-^bb; and the sign of the second term of the 
quotient must be — , because the signs of the divisor, 
+ ay and of the dividend, — a 6, are not alike. It 
is obvious that the first term of the quotient is too 
large ; for (a + 6) a = a a -}- a 5, which is evidently 
a larger quantity than the dividend^ a a — bby what- 
ever may be the values of a and b. 

32, Divide 8xx x^^y^y y by 2aj — y. 

2a? — yy8 XX x^^y y y (4a?a? + 2a;y+yy. 
8 X X X J — 4lx X y 

Axxy — yyy 
Ax X y — 2a?yy 

2xyy — yyy 
2xyy — yyy 
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SECTION IV. 

. General Ride for Division. 

From the foregoing examples and observations, we 
derive the following general Rule for Division in Al- 
gebra, when both the divisor and dividend are com- 
pound quantities : ' 

Divide the first term of the dividend- by the first term 
of the divisor^ for the first term of the quotients 

Multiply the whole divisor by this term^ and svitract 
the product from the dividend. 

Divide the first term of the remainder by the first 
term of the divisor, for the second term of the quotient. 

Multiply the whole divisor by this second term, and 
subtract the product from the remainder. 

Continue this series of operations as long as the na- 
ture of the Question may require. 

1. Divide a a -^^ aft-f-ac + ^a-f-Si-f^c 
hjh + b + c. 

2. Divide a a — 6 a + ab — ac + 6c — bchy 
a — c. 

3. Divide bbb + ccc by b + c. 

4. Divide 6 m m m x — 3 m m x y ^^2 m m x 
"{- mx y -{- 2mx — xyhy 2m — y. ^ 

5. Divide xxX'\-xx + xxyr{'Xy + 3xZ'\' 
3zbya? + l. 

6. Divide a + b-^c — ax-^bx-^-cx by a-\- 
l^c. 

7. Divide a a a — 3a ax — Baxx + xxx by 
a -f- X. 
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8. Divide a a a — 3a ay + 3ayy— -yyyby 
a — y. 

9. Divide A a a a -{- S a cg + 4aac + Sccg 
-^4aag — 3cgghya + c^g. 

10. Divide 5 mmn — 2myz — 5mnn-^2nyz 
+ 5mnz — 2 y z zhy m — n + z. 

11. Divide ajaJa; — 3 x x y -^ 4 x y y — 4yyy 
by a?a? — ^ajy + yy- 

zzz — 2xxy-\-xyy 

— X « y +3a:yy— 4yyy 
— «zy -f gxyy— yyy 



«yy— 3yyy 

As there is a remainder in this example, it is an- 
nexed to the quotient in the form of a fraction. 

18. Divide fla?-f-6a? + <*y + ^y+, ^hya + J. 

13. Divide cd — e h + d e- — e h +xhj d — A. 

14. Divide a?a?a?y-^— a?a;yy-|-5yyybyap — y. 

15. Divide 3 a6 66 + 2 a a6ic — a66 + 66^c 
-[-66a; — 3aa6 — 2 a a a c -f^oa — a6c-*-aa?, 
by3a6-f2aac — a -{' be -^ x. ♦ 

16. Divide 18aa6+3aacc — 3fla?a? + 
3a66c — 6a66 — a be c -\' b x x — *66c-|- 
ax •}• Cyhj 6 ab -^ a ec — x x -{-b b c, 

17. Divide --^16 a amy — 3 a a e y -{- 64 amm 
-f- 12 a cmby 16 a m -}- 3 ac. 

18. Divide 12 a a 6 — 8 a — 144 a 6 -f 96 by 
fl — 12. 
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CHAPTER VI. 
FRACTIONS. 

SECTION I. 

Introduction and Definitions, 

I. Let it be required to distribute a dollars equally 
^mong b poor persons. What will be the share of 

each ? Ans. $ ^ . 

The number of dollars must be divided by the 
number of persons ; but, as the division cannot be 
actually performed, all that can be done is, to repre^ 
sent It as above. S«, too, if we suppose a = 3, and 
& = 5, we must indicate the answer in a similar man- 
ner ; thus, f . 

These expressions, t j t » ^^^ others like them, are 
called Fractions, from a Latin word, which signifies 
broken, because the value of a fraction is always ex- 
pressed in parts of a whole one. If, for instance, we 
cut an apple into 5 equal parts, and give 3 of those 
parts to a boy, he will have f of the apple, which ex- 
pression is read three fifths. Other fractions are read 
in a similar manner ; as, ^, one half; ,f , two thirds ; f , 
three fourths ; f , five sixths ; }, seven eighths, &c. 



FRACTIONS. 71 

The number hehw the line, which shows into how 
many parts the unit or qitantiiy is divided, is called the 
Denominator, 

The number above ihe line, which shows how many 
of the parts are taken, is called the Numerator. 

In the fractions t ^ ^> ^ > T » —^ > ^^^ T > the nu- 

merators are a, m, 6, 19, a + ^j sind 3 ; and the de- 
nominators are i, n, 7, 4, a; — y, and z, 

A Proper fraction is one whose value is less than t a 
unit; that is, whose numerator is less than its de- 

nominator ; «", f , |, J, ;;^, ^ , &c. 

An Improper fraction is either equal to or greaief 

thanaumt; as,y, j, -, -, ~, -— !- , &c. It 

is evident that the division here represented can be 
performed, either wholly or in part. 

Expres^ons consisting of a whole number end a 
fraction, are called IkExed numbers ; as, 2 -r- > ^^^ ^'^"i't 
and 2 and b are called integer^, or integral quantities. 
It often happens, both in, Arithmetic and Algebra, 
that there is a remainder after division, which should ' 
be written above the divisor, and annexed to the quo- 
tient in the form of a fraction. Hence the orii^n of 
mixed numbers. [See Chap. V. Sec. III. and IV.] 

Since fractions always imply division, any quotient 
may be expressed in the form of a fraction, the divi- 
dend being the numerator, and the divisor the denomr 
inator. 
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Express the answers of the following examples in 
the form of fractions : 
2. Divide 476 by 19. Ans. ^ . 

3.' Divide 6 a b c by d. 

4. Divide 8a-|-J — xhy c — d. 

5. Divide 17 a? y — m -f- 7 by a? + 10. 

6. Divide a — m + 1 — 6 y'by 10 6 — a? -f- 14. 

As the value of any quantity is not altered wlien 
it is divided by a unit, we can convert an integer into 
a fraction by making 1 the de7wminator» 

Convert the following quantities into fractions : 

7.) 8 = 1. 8.)a = f. 9.)a + b=l±^ 

10.) 24 11.) a — b. 12.) a + b—mn. 

The numerator of a fraction being a dividend, and 
the denominator a divisor, it follows, that when these 
ar^ equal to each other, as f , the value of the frac- 
tion is 1 ; for 2 divided by 2 gives 1. Therefore 

12345a jaA „ - , 

7' Y' 7' 7' 7' 7» ^^ rb' we all equal to each 
other, the value of each fraction being unity, or 1. 
Hence, it is evident, that if both the numerator and rfc- 
nominator be either multiplied or divided by the same 
nunAer or letter, the value of the Jr action is not changed. 
On this principle are founded the jttles for bringing 
fractions to a common denominator, and for reducing 
them to their least terms. 

13. Express 6 in the form of a fraction, having 4 

for its denominator. Ans. y* 

It is evident that the numerator must be 4 times 
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6 ; for, when divided by 4, the denominator, the quo- 
tient must be 6. 

i4. Given th6 quantity a? to be expressed in the 
form of a fraction, having y for a denominator. 

Ans. — . 
y 

We may first convert x into this fraction, -j , and 

then multiply both terras by y, according to the prin- 
ciples already given. In other words, to change a 
whole quantity to a fi^ction, having a given denomi- 
nator, we multiply the whole quantity by the given de- 
nominator; and the" product is the numerator of the 
fraction required. 

15. Change 8 to a flection, having 5 fo/r its de- 
nominator. 

16. Change a + b to ^ fraction, having c for its de- 
nominator. 

17. Express a? -f- y in the form of a fraction, having 
5 z for its denominator. 

18. Change a — 5 to a fraction, having 2 + J for 
its denominator. 

19* Change 5 a — & c to a fraction, whose denom- 
inator shall be 4 x. 

20. Express x + b — 5 in the form .of a firaction, 
having 3 a — > ;s for the denominator. 

21. Change 5a-^27f-yto a firaction, having 6 
for its denominator. 

22. Change 28 — ^^ a? -}- 4 y to a fraction, whose de- 
nominator shall be 2 a. 

S3. Express 2ab + x — 5 in the form of a frac- 
tion, having 5 ab for itB denominator. 
1 7 
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SECTION II. 

I 

Reduction. 

It is often convenient, and sometimes necessary, to 
change the form in which a fraction or a mixed quan- 
tity is expressed. For instance, to prepare different 
fFactions for addition or subtraction, we must always 
express them in other fractions, which shall have a 
common denominator. The process^ by which the 
form of a fraction is changed, its vahe remaining the 
same, is cdlied Reduction. 

A. To reduce an hooper Fraction to a Mixed 
Quantity. 

1. What is the value of |? Ans. 1. 

2. What is the value of J^? Ans. Sf 
As 5 fifths are equal to 1, 19 fifths must.be equal 

to 3, and 4 fifths more. 

3. What is the value of — ? Ans« J. 

a 

4. What is the value of * ? Ans. 6 + -t • 

To reduce an improper fraction to « wJbole or 
mixed quantity^ JOitiie Ae 'niMiem^n by- thedeM^^ 
motor y imd ^Btnev. the remainder^ if My^ t0 tke,puh 
tient^ in the form of a fraction. 

Reduce the following fractions to whole or mixed 
quantities : 

5-)t- .^T- 7-)f. ' 8r)Tt, 
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9.) 4. 10.)^. 11.) 3?. '12.) '4^'. 

13. Wh»t is the value of t^ttzit j 

14. What i> the Tulue of '""'"~;" ? 

a— A 

15. Reduce —-r to a nyxed quantity. 



B. To reduce a Mxei QuaTittty ^a an improper 
Fraction. 

16. Reduce 7f to an improper fraction. 

Ans. ^. ^ 
In 1 there are 3 thirds^ and in 7 there are 7 timea 
3, or 21 thirds; and 2 thirds added to 21 make 23 
thirds. 

17. Reduce 6 + — to an improper fraction. 

Aws. "T . 

I a 

The integral quantity, by reduced to a fraction, be- 
comes — ; [See Sec. I.] and the whole quantity is 

^ + ~ 5 or ^ , which expresses the ssune value. 

Hence, to reduce a mixed number to an improper 
fraction, multvply the integer by the denominator^ and 
add the numerator to the product. Hie sum wUl be 
the numerator of the fraction required^ 

Tleduce the following mixed numbers to improper 
fractions : 

18.) 9 J. I9.)a + j. 2O.)xy + l0^^. 

21.)6 + ;^^. 22.)a-x + ^^. 23.)aa+*^/ 
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26. Reduce a + & + ^^-J^ to an improper fraction. 

27. Reduce a + ^-^ to an, improper fraction. 

C. To reduce Fractions to a Common Denominator 

' 3 2 

28. Reduce t and t to a (Common denominator. 

A 3 16 J 2 8 

ANs.^ = -,and- = - 

We are here required to find two otiier fractions 
having the same denominator, which shall be equiva 
lent to f and f . If both terms of the first fraction^ 
f , be multiplied by the denominator of the second, it 
becomes J^; and if both terms of the second fitio* 
tion, f , be multiplied by the denominator of the first, 
it becomes ^. 

12 3 

29. Reduce -r-, — and— to a common denomina- 

. 1 12 2 16 , 3 18 

tor. Ans. — =^t7, t = ;rr j and — = — . 

2 24' 3 24 ' 4 24 , 

We multiply both terms of each fraction by the de- 
nominators of the other fractions. 

30. Reduce -7- and -^ to a common denominator. 

b y 

. a ay ^ x bx ' 

Ans. — = — , and — = iZ • 
'ft by y ^ 

Hence, to reduce several fractions, having different 
denominators, to other fractions of equal value with 
a common denominator, we have the following Rule • 

For the numerators : Multiply each numerator 6y 
all the denominators except its ovm. * 
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Fbp the common denominator : Mnliipif oM the de^ 
nominators together. 

31. Reduce — , — and y to a common denominator. 

32. Reduce y , -j and ~ to a conmion denominator. 

33. Reduce — and ^ to a common denominator.. 

34. Reduce ~ , - and - to a common denominator 

DC a 

35. Reduce —, — and y to a common denominator. 

36. Reduce y > y > y and ^^~ to a common de- 
nominator. « 

37. Reduce - and j^ to a common denominator. 

38. Reduce x^ -^ and 6 to a common denominator. 



D, To reduce Fractions to their Least Terms. 

Ag small numbers are more convenient to work 
with than large' oiies^ a fraction should always be kept 
in its least terms. For this purpose, the following 
general Rule will be found useful : Divide loth the 
numerator and denominator hf onjf qAantitg which 
will divide all the terms of both toithout a remainder. 
Experience will suggest various eitpeditious ways of 
applying this principle. 

Reduce the following ftactions^to their lowest terms : 

39.)i = f 40.) .^. = i. 41.)^, = j. 
T 
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42.)=^ = S? - 43.) S-'. 

-' ab+ax b-\-x , ' 39* 

>' 9aar+27ary* ^V 6aaa-hi0aay ' 

. ^, V !^aa-~lZ , V Saary — 4tt.y + 16aay 

-^ 16ay+«) * V 12aa:y — 30ay+24axy* ' 

48. Reduce ^^T ^7^^ to its least terms. 

49. Reduce J^^ ""in!IJ^>iJ'/ to its least terms. 



SECTION III 
The Signs of Frqctioni, 

'The learner will remember, that the numerator is 8 
dividend, that the denominator is a divisor, and that 
the value of the fraction is to be found in the quotient. 
The signs prefixed to the several terms of a fraction, 
affect those terms only ; but when a sign is prefixed 
to the fraction' itself, it affects its whole value, that is, 
the value of all the terms taken collectively. With- 
out regarding the signs, we know that the value of 

the fraction y is 6. Now, by the common rules of 

division^ we have the following cases : 





= + i, 


^ab 


= +6, 




=^-h, 


+•* 


= ^J. 



FBACTIONS. 79 

Whence we infer, thai the signs of both the nume- 
rator and the denominator may be changed without al- 
tering the value of the fraction ; and that^ the value is 
altered when the sign of either is changed, and not 
that of the ot/ier, 

1. Let it be required to reduce lb — ^^^ to an 
improper fraction. Ans. 2"^ • 

In this example, the value of the fraction -j^ is to 

be subtracted from the integral part, 7 b. For the 
sign — , prefixed to the fraction, does not apply to the 
first term of the numerator, nor to the denominator, 
but to the value of the whole fraction. If we reduce 
the integral part to the form of a fraction, we shall 

have -g^ ^—^ . Let us now reject the denomina- 
tor, 2 a, and subtract the numerator, c — d, from 
14 a b, as if they were integral quantities ; and we 
shall obtain 14 a b — c + rf, by the rules for subtrac- 
tion. It only remains to restore the common denom- 
inator, and we have the answer given above. ' 

2. Reduce lb — ^^ to an improper fraction. 

NS. ^^ . 

Here the quantity c + dis subtracted fix)m 14 a by 
and both signs are chuiged, as before. 

3. Let 7 6 -f YT ^ reduced to an improper frac- 

14aA-|-c — rf 



tion. Ans. 



2a 
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4. Let 7 6+ YT ^^ educed to wi^ improper frac-' 
tion. , , Ans, 2a . 

In the last two examples, as the value of the frac- 
tion ^^ in one, and of ^2^ in the other, is to be 
added to 7 b, none of t;he signs are changed. 

5. Reduce 3 a — ^^ to an improper fraction. 

6. Reduce x y — to an improper fraction. 

7. Reduce a 6 + -j^ to an improper fraction. 



3m 
m 



8. Reduce 8 6 a? -|- ^^"^ ^ to an improper fraction. 

9. Reduce 9 m—^ ^^^ ^ to an improper fraction. 
10. Reduce x + ^3- to an improper fraction. 



SECTION IV. 
Addition, 

1. What is the sum of -j and -^ 1 Ans. -^ . 

As these fractions have a common denominator, we 
evidently obtain the true answer by adding together 
their numerators, which are similar quamtities; aAd 
3 a + 2 a = 5 a. For, if a = 4, and c = % then 

-y = -, or 4 ; and -^ = y, or 6 ; and 4 + 6 = 10 : 
but -~ = Y , or 10, also. 
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8. Add together -^ , -~ , -^ and f 

3. What is the sum of ^% ?^ and *-^=^ 7 

*""~y * y »"~y 

4. Add together ^^i^, ^^1^7^^ an<J ^^^I"^* - 

5. What is the sum of ~ and --,? Ans. ^^. 

Although these fractions have a common denom- 
inator^ still, as the numerators are dissimilar, they can 
only be added by means of the sign +• Let a = 4, 

4 = 6, and c = 2; then (^ + |) = (| +f) = 
2 -|- 3, or 6 ; also — ^ = — g- = — , or 5. 

6. What is the sum of A > t > T ^uid -— ? 

X ' X * X X \ 

7. Add together^, .^, ^and^-;^. 

8. Add together ^q::^:^ , ^^qr^:^ and ^q:-^^^ . 

9. What is the sum of ^"^ ^ , "-^ijr^'^ and 



*4-y 
10. What is the sum of y and -j ? Ans. ° ^"^ ^ • 

These fractions having different denominators, they 
can only be added, as they are proposed, by means 
of thq sign + ; we, therefore, reduce them to a com- 
mon denominator, and proceed as before. 

From these examples and observations, we derive 
the following Rule for adding algebraic fractions: 
Reduce the given fractions to a common denominator; 
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add their numerators together; and place the tufn^ for 
a new numerator, over the common denominator, 

11. Add together ^, -^ and -^, 



5a X b Xcd=5abcd,'\ 
be 




3c 3 XbeX(fd = Sbced\ihe 
be — i, 


numerators. 


4>b X beX b =:4,bbbe, 

cd X bcX b =bbecd, the 


denominator. 


n*, /« ba 5 abed Bad 

Therefore, j, =jjccrf = 4crf' 




3c Sbced Sod 
be — bbeed-- bcd> 




4>b 4>bbbe ^bb 
cd -^ bbeed — bed* 





We obtain the values of the fractions given in the 
last column, by dividing all the terms by b c. The 
fractions are thus reduced to their least common de- 

. . '. dad + Scd-^^fbb 

nominator. Ans. "TcT " 

12. What is the sum of -^f , gf and ^^ ? 

13. Add together y, —and -^. 

14. Add ^^ and -^^ together. 

15. Adda + ^^to5a + ^. 

16. What is the sum of 6 x, -^, 5, and —7-- ? 

17. Add ^ , -2"> "T~" ^"^ ^^-^ry together. 
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18. Add <F - ^ , 3 « — i^, «ad 6- + i=-* 
together. 

19. Add together a b, 15, ^—^ and -• . 

20. Add together -r , T ^ ^ ^ ^^^ T • 

21. Add together — a?, and — x. Ans. — . 
It is evident that -r x expresses tHe same value as 

^ , and that -t a? is equivalent to — ; and ~ H — j- 

bx - 1 

= -,orlj^. 

1 ' 9 ^ - 'S 

22. Add together y a?, and -j^ a?, and —a?, and —a?. 

12 1 

23. What is the sum of - a, — a, and - a ? 

4 3 Z 

24. Add together "j" « i; j « &> j o ^> 7 « ^^ J^^^d 

25. Add together j (« -*- «)) j (« — a?)> and 



SECTION V. 

Subtraction. 

Subtraction is performed like addition; but iht 
f^fiM o/ ihe quantihti to ht tubtracted must aU ic 
changed. 
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1. Subtract -r^ from -4^. Ans. ^4^ 



a 



2. Subtract - from-. 

y y 

3. Subtract -7" from --. 

4. Subtract -^ from -j^ . 

5. Subtract a; -{- ^-^ from 3 y + ^^ . 

6. Subtract ^^ from t- 

7. Subtract -—^ from -~rT • 

8. Subtract ^x^ from ^^^^ . 

9. Subtract ^ from x — ^. 

10. Subtract 6 a — ^ from 9 a — ^ 

11. Subtract 3 y from a? — ^^ • 

12. Subtract 4 y from 5 y — ^'"^ ^^ . 

13. Subtract ^^ from ?^^^. 

14. From -3— take ^^^ . 

15. Take -p fro™ -t-- 



16. From b ax take -~. 



7 



17. From a + 6 take ^ - 

18. Take a j^ from a: — jf* 

19. Subtract a — b from j;^* 
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SECTION yi. 
Multiplication, 

1. If a mail gives to each of 3 beggars ^ of a dol- 
lar^ what does he give to the whole ? 

Ans. f of a dollar. 
FoTi + i + h or i. X 3 = J. If we substitute 

the algebraic fraction ■- for ^, and let c represent the 
number of beggars, the process \^ill be the same : 
thus, y X c = ^. That is, we multiply the nume- 
rator by the integral quantity. 

2. Multiply §f,hj4 x. Ans. -^^ 

3. Multiply ^^ by 4 a; y. 

4. Multiply Yqr^ by a? — 2. 

5. Multiply -^-Q— hydxy. 

6. Multiply ^'q'^ by — 5 ay. 

7. Multiply ^ by b, Ans. |. 
In this example, instead of multiplying the nume- 
rator, which would give |j, we divide the denomiaa- 

tor. In general, to multiply a fraction by an integral 
quantity, we divide the denominator^ when we can do 
M without a remainder; but when there would be a re- 
snainder, we multiply the numerator' 

8 
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When a fraction is multipKed hy a qaaniity equal to 
its denominator y the numerator is the product; for, in 
that case, it is both divided and multiplied by the 
same quantity. Thus, ^x2 = l;j'x4 = 3; 

J X b =z a ; ^^ X « + 3 =3 a; — z, &c. 

8. Multiply f by 4.' Ans. J = Ij. 

9. Multiply 4^ by 2 A. Ans. |^ = f. 

10. Multiply 21^-^ by 7. 

11. Multiply iQi,^iobx ^y 5 ^\ 

12. Multiply -^^^ by — a;. 

13. Multiply y by ^. Ans. ^. 
If we multiply t by f' ^^^^ *^' ^y ^' ^® obtain the 

product Y« But, as we are required to multiply by 

the quotient of c divide^ by d, and not by the whole 
value of c, this product is evidently too large, and 
must be divided by d. To multiply a fraction by a 
fraction, therefore, we multiply the numerators for a 
new numerator y and the denominators for a new denomr 
inator. 

The value of a Compound Fraction^ which is the 
fraction of afrojctim^ as i of I, is found by this rule* 
Thus, i of i is f ; and ^ of | is A- 

14. Multiply ll by If . 

15. Multiply^ -by J- 









FRACTION?. 


16. 


Multiply 


y 


by 


X 


17. 


Multiply 


a-\-b 
3+« 


by 


9-1 
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^18. Multiply^ by ,4^. 

19. MultiplyBbyfe'- 
SO. Multiply'-^^by ^^. 



SECTION VII. 
Division. 

1. A man distributed f of a dollar 'equally among 
3 beggars. What did he give to each f 

Ans. ^ of a dollar. 
' One third part of three apples, three dollars, three 
units, or three fourths, is evidently one apple, one 

3—3 1 

dollar, one unit, or one fourth^ that is, -r ' = T* 
So, V too, if ^ dollars be equally distributed among 

c persons, each one will have —"'^ = ^ dollars. Here, 

to obtain the quotient, we divide the numerator by 
the integer. 

2. Divide -^ by 3 a. Ans. —. 
- 3. Divide^ by a? + y. 



4. Divide j^^ by 4 y. 
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5. Divide ^ by 7. 



/ 



6. Divide ^^jT^ by 4 a. 

7. A man divided ^ a dollar equally between 2 
persons. What \vas the share of each? 

Ans. j^ of a dollar. 
Each person has ^ of the sum given ; and ^^ of ^ 
is ^. Here, the denominator is multiplied by the in- 
teger. In general, to divide a fraction by an integral 
quantity, we divide the numerator, when we can do so 
without a remainder; and when we cannot, we multiply 
the denominator, 

8. Divide ~- by 6. Ans. — . 

. 9. Divide |^by3«. 

10. Divide ^^^ "^ by 8 x. 

11. Divide ^by3 6. 

12. Divide ^^bySy. 

13. Divide ^-^^i^by4. 

14. Divide ^ by ^. Ans. 3. 

As these fractions have the same denominator, we 
divide the numerator of the dividend by the numera- 
tor of the divisor. It is clear that A contains ^ 
3 times. 

15. Divide j by 7- ^ns. j^. 



We first reduce the fractions to a common denom- 
inator, and we find that ■- = 7-7, and -7 = 77; arfd 

b bd ' a oa 

we then divide the numerator of the one by the nu- 
merator of the other, which gives us |^. But if we 

multiply the inumerator of the dividehd by the de- 
nominator of- the divisor, and the denominator ot 
the dividend by the numerator of the divisor, we 

shall obtain the same result : thus, y x 7- = ^ . 

Hence, to divide one fraction by another ^ we invert 
the divisor^ and proceed as in multiplication, 

■ 16- I>ivide 1^ by 3^. Ans. ^^. 

17. Divide ^-^ by j^. 

la-Divide^-^byi^, 

^19. Divide -^^^ by ^^-y 

20. Divide |±^^ by '^,. 

^ 21. Divide —^ by a ar. 

v22. Divide a? y by -ff^n^- 

23. Divide =^ by :^. . 

J; 24. Divide =f by =?. 

25. Divide ^" by V. 

26. Divide ^ by ^. 

8*" ' • . 
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< CHAPTER VII. 
POWERS. 

SECTIt)N I. 
InvoliUion of Simple Quantities. 

1. What is the product of a a lutiltiplied by a? 

Ans. a^, • 

The answer to this question^ obtsdned by the com- 
mon pr6cess of multiplication, is a a ^. Instead of 
repeating the letter, we indicate the number of times 
it occurs in the product, by the small figure placed 
above it on the right hand. This figure is called its 
ExpQnent. It shows the Fou^r of the letter ; that 
is, how many times it is used as a factor in the multipli- 
cation. When a letter has no number annexed, the 
exponent is always a unit, or 1> and the letter is said 
to be the first pdwer or Root; thus, 

a is tfaejrooi, or first power; 
a X a = (fiis the second power; 
a X a X a =:. a^ is the third power ; 
ux aX axa =zz a^isthe fourth power, 4ec. 

The second power is sometimes called the square ; 
ihe third power> the cube ; and the fourth power, the 
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biquadmte. If we duppose the value of a to be 3, 

a = 3, the first powef ; 
a^ = 32, or 3 X 3 =: 9, the second power ; 
a^ = 33, or 3 X 3 X 3 = 27, the third power ; 
o^ = 3^ or 3 X 3 X 3 X 3 = 81, the fourth power, <fec. 

The coefficient and the exponent of a quantity, be- 
ing very different things, must not be confounded to- 
gether: Thus, the values of 5 a; and o^ are far from 
being equal. Let the value of a? be 6 ; 
then 5a;=:5x6=30; 
but x* = 6X6X6X6X6 = 7776. 
It is evident that we raise a single letter to any pro^ 
posed power by giving it the eaponent of that power. 

2. What is the sixth power of a?? the fourth power 
of d ? the fifth power of c ? the eighth power of a ? 
the seventh power of a? ? 

3. What is the product oi al multiplied hy ab; 
that is, what is the second power of ab7 

ab X ab^ a ah b. or cfib^. 
Here, the quantity to be raised consists of two fac- 
tors, a and 6 ; and tht rtqyLvr^i jpwer is expressed by 
the same factorsy with the espMent of that power writ- 
ten above each. 

4. What is the foardi pow«r«of «y? 

5. Raise a ( c to the sixth power. 

6. What is the niatb powef ot &hx1 

7. Involve m n y to the seventh power. 

8. What is the square of 4 «&? - Am.l6^b^. 
It will be remembered^ that the squoft, er second 

power of any qutmtity^ is the product of that qtumiity 
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multiplied by itself; consequently, the second power 
of 4 a 6 is 4 a 6 X 4 a 6 = 16 a a 6 6, or 16 a2 62. 

Hence, coefficients must he raised to any required 
power, by actual multiplication. 

9. What is the third power of 5 o a? ? 

10. What is the fourth power of 1 ab c7 

11. Raise 6 x y z io the fifth power. 

12. What is the fourth power of— 2abc7 

— 2 a 6 c, first power. 

— 2 fl be 

+ 4 a® 6^ c2j second power. 
•—^ ^abc 

— 8 d^ 6^ (3^ thif(j power. 
. — 2abc 

+ 16 a^-6^ c^, fourth power. 
Hence it appears, that when the root or first power 
is a negative quantity, the or>j) powers are negative, 
and the even powers are positive. 

13. What is the second power of cfi} Ans. a^. 
Here, the quantity to be involved is already a 

power, and the exponent is multiplied by the exponent 
of the power proposed; thus, a^^^ = a®; for a? = 
a a a, and a a a X a a a =• cfi. 

14. What is the third power ol al^} Ans. cfi b^. 

15. What is the second power of a^ 6 a:^.'* 

16. Raise a^l^ x to the third power. 

17. What is the fourth power of m^ «^ y^ ? ^ 

18. Involve 6 a* c^ a?* to the second power. 

19. What is the third power o[!3a^f «* ? 

20. Required the fourth power of 4 a^ o?^ f z. 
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f 
SECTION II 



Involution of Compound Qjiiantiiies. 

1. It is required to find the fifth power of the bi- 
nomial quantity a + b. 

a + 6, first power. 
a +b 

a^+ ab 

aJ + 42 

(fi + 2ab-\-l^, second power. 
a +b 

^^ + 2a^b+ ab^ 

a^b + 2ab^+b^ 

a^ + 3aH + 3ab^ + b^, third power. 
a +b 

a^b + 3a^i^ + 3nb^ + b^ 

a -\- b 

a^ + 4a^b + 6a^b^-\-4a^b3+ ab^ 

g^& + 4g3S 2 + 6a^b^ + 4ab^ + b^ 

a^+5(^b+l0aH^+10a^lr^ + 3i,Y + b^ Am. 

The powers of compound quantities are obtained by 
actual multiplication. These powers, however, are 
often expressed by means of an exponent. Thus, 
(a + 6 + c)3 indicates the third power of a + J 4- (- 
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2. It is required, to find the fifth power of the re- 
sidua] quantity a — J. 

a — 6, first power. 

c^— ah 
— a6 + *« 



oS — 2 « 6 + 6®, second power, 
a — 6 

— a?6 + 2«i» — 63 

a3 — 3 o^ J + 3 a 62 _ ft3^ third power. 

a —6 

a4 _ 3 a3 6 + 3 aS 62 — a 63 

— a3 6 + 3 o^ 62 — 3 a 63 + 6* 

a4 _ 4 (|3 J _|- 6 a2 62 — 4 a 63 + 6*, fourth power. 

g — 6 

a5_4a4 j^6a3ja_4a2 63^ aJ4 

— g^ J ^ 4 a3 J2_6 ^2 js + 4 « 64_65 

a5 _ 5 g4 6+10 g3 62 —10 g2 63 + 5 o 6* — 6S Ans. 

3. What is the second power ofSg — 6 + 2c? 

3a — 6 + 2c 
3a — 6 + 2c 



9g2— 3 g6 + 6gc 

— 3 g 6 + 62 —26c 

+ 6ac — 26c + 4c2 



9g2_6g6+12gc + 62 — 46c + 4c2. 
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4. What is the third power of a + 1 ? 

5. Raise a? + y + « to the second power. 

6. Involve a + i + c + ^tothe second power. . 

7. What is the third power of 2 o — a? + c® ? 

8. Involve 3 a + 2 6 to the third power. - 

9. What is the second power of a + 6 — cl 
10. What is the third power of a •— a? + 8 ? 



a2 



11. What is the second power of -r-? Ans. — 



a 



^^' * ^ 7 ~ ^' ^'^' according to the princi- 
ples already explained. Therefore, we involve afrac- 
tioUf hy raising both the numerator and denominator to 
the required power. 

12. What is the second power of ^? Ans. ^^ . 

13. What is the second power of "jtt? 

14. What is the second power of -j^l 

15. What is the second power of ~,^1 

16. What is the third power of "^—1 

17. Raise -j^ to the third power ^ 

18. Required the second power of "pxj . 

19. Required the fourth power of ^^ . 
5M). Required the second power of — ^^— . 
ai. What is the second power of ^? 
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SjEC.TIO.N IIP. 
TTie Binomial Theorem. 

The first Mid seeond examples of the last section 
exhibit the method of iiiTolving binomial and residual 
quantities, by actual multiplication; It i& ver^ appa- 
rent that, when a high power is required, the process 
must become tedious. From these operations, how- 
ever, may be derived rules for raising such quantities 
to any proposed power, without the intervention of 
the lower ]K>wers. This melliod of involving quanti- 
ties was discovered by Sir Isaac Newton, and is called 
the Binomial Theorem, 

When we would express any required power of a 
given binomial or residual quantity, four things re- 
' quire attention ; namely, the numhex of term^s in that 
power, the signs, the eosponents, and the coefficients. 

The Terms. It will be observed, that the numier 
of terms in every power, is greater by one than the ex- 
ponent of that power. Tiius, the second power con- 
sists of three terms ; the third power, of four term^i ; 
the fourth, power, of five terms, &c. 

The Signs. The corresponding powers of these 
two quantities, a -|- 6 and a — i, difier only in their 
signs. AU the terms of the binomial quantity are posi- 
tive; whereas ihfETEisi terms of ike residuffi ^^ntity 
%are negative^ and the odd terms positive. 

The Exponents. The first term of every power 
consists of the first letter of the given binomial, a- 
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raised to thai power; and the other exponents of that 
letter diminish by one towards the right. The first let- 
ter of the binomial, a, is called the leading quantity ; 
and its exponents for the s^enth power, are 

7, e, 5, 4, 3, 2; 1. 
The last term of every power is the last letter of the 
given binomial, 6, raised to that pdwer; and the other 
V exponents of that letter diminish by unity towards the 
left. The last letter of the binomial, b, is called the 
following quantity ; and its exponents for the seveiith 
power, are 

1, 2, 3, 4, 5, 6, 7. 
, The sum of the exponents of the two letters, is 
always equal to the exponent of the power in which 
they occur. 

To apply these principles, let it be required to de- 
termine the number of terms, the signs and expo- 
nents of a + 6 and a — 6, in the seventh power. 
The number of terms will be eight, that is, one more 
than the power proposed ; and their signs and e^cpo- 
nents, without the coefficients, will stand thus : 

(a+by=d^+a^b+(^b^+a'^l^+an^+a^b^+al/^+b7 

The Coefficients. It will be seen, by an inspec- 
tion of the examples above referred to, that the coeffi- 
cient of the first term is always 1, and that the coeffir- 
dent of the second term is the exponent of the power. 
The remaining coefficients may be found by the foi- 
lowing Rule : If the coefficient of any term be mvUi- 
plied by the exponent of the leading quantity in that 
9 
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term^ and the produet he divided by the ntanber whien 
denotes its place from the left, it will give the coe^- 
dent of the neost term. 

The coefficients of a -f- &, raised to the seventh 
power, are 

^ IXS 21X5 35X4 35X3 21X2 7X1 
^' '' 2 ' 3 ^ 4 ' 6 ' 6 ' 7 • 

1, 7, 21 , 35 , 35 , 21 , 7 , 1 . 

If we prefix these coefficients to the terms of a + 6 
and a — 6, aheady obtained, we shall have the sey- 
enth powers of those quantities complete : 

{a + by z=zaf + 1 cfi b + 21 flS 62 + 35 a* 63 ^ 
35 a3 64 + 21 a^ 65 + 7 o 6« + b\ 

{a — by = a' — l (fib + 21 a^ J^ _ 35 ^4 63 + 
35 03 64 — 21 a^b^ + 1 a¥ — V. 

It will be observed, that the coefficients are equal 
in the first and last terms, also in the second and last 
but one, the third and last but two, and so on. It 
will be sufficient, therefore, in practice, to find the 
coefficients of half the terms, if their number be even, 
or of one more than half, if it be odd, and apply them 
to the rest. 

3. What is the fourth power of a? -f- y ? 

Ans, a^ + 4a^y + 6 ofi'f + Axy^ + y^. 

4. Raise ii; t^ y to the sixth power. 

5. What is the fifth power of a -f- c ? 

6. What is the eighth power of w •— »? 

7. What is the fourth power of f» + n,? 

8. Required the seventh power of a? + y. 

9. What is the ninth power of o + 6? 
10. Raise c + c! to the tenth power. 



Oj -h *; 
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11. Required the 'thirteenth power of a — 6. 

12. Required the sixth power of x + z. 

13. What is the seventh power of c — d1 

14. What is the third power of « + 3 6 c? 

This quantity, in its present form, c^ be involved 
only by actual multiplication; for the rules given 
above require each term of the binomial to consist 
of a single letter, whose coefficient must be 1. But 
if the value of the second term, 3 6 c, be represented 
by some letter, a binomial will be forjped, Which can 
be involved in the usual manned* 

Suppose m, for instance, to be equivalent to 3 & c; 
then, instead of a + 3 & c, we have the binomial 
a-^-m^ the third power of which is 

In the place of m, put down its value, and the re- 
quired power will be obtained. We supposed m = 
3 6 c; therefore, m^ = 9 b^ (?, and m? = 27 P (?, 

The first term is c?. 

The second term is 3 a^ m, or 3 a^ X 3 J c = 9 a»6c. 
The third term is 3 a mS or 3 a X 96^(? = 27a i^^e. 
The fourth term is wi3 = 27 63 c^. 

^ ANs.a3 + 9a36c + 27(i62cS-f.2763c3. 

15. What is the fourth power of 2 a 6 — xl 
Suppose m ^ 2 a 6; and involve m — x. The 

fourth power of this binomial is 

»i4 — 4m3a?-f6«i»a? — 4iiicc3 + a:*. 
In the place of m^ use its value ; observing that 
m = 2 a J, m« = 4 a^ &», m^ = 8 c? V^, and m* = 

Ans. 16 a< 6^ — 32 a3 63 a?+24 a8 62 ac»— 8 a 6 ic8+a?*. 
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16. What is the second power of 4 « 6 -^ 5 c»? 
Let m =z 4 aby and n = 5 c^ ; ancf, instead of the 

given binomial, involve m + n. 
The second power of m -{- n is 

Instead of m and n, put their respective values into 
this power. Observe, m=z 4 ab, and m^ c= 16 a^ 6^ ; 
also n = 5 c®, and n^ = 25 c*. 

, Ans. 16a2 62^40'fl6c8 + 25c<. 

17. Whai is the third power o( oo + y + z? 

Let m =z y -\- Zy and involve x -\-my which is equiv- 
alent to 07 4" y + ^• 
The third power of a? + »* is 

a^ + Sa^m + Sxnfi + m*. 
To obtain the required power, we must restore the 
value of m. 

m =y +z. 
m^ = y^ + 2yjs + z^. 
m^ = t/^ + 3y^ z + 3yz^ + z^. 
Ans. a?3 + 3a:2y + 3 cd^ z'+S xy^ +6xy z + 
3xz^ + f + Sfz + Sy2^ + z^. 

18. What is the second power of a + b + c + d? 
Let m = a + ^> ^^^ n =: c + d; and then involve 

{m + nf = nfi + 2mn + n^ 
In this quantity, substitute the values of m and n 
respectively, and the required power will be complete. 
7»9 = a2 + 2 a 6 + J2. 
rfi = (? + 2cd+d^. 
Ans. a2 + 2(i5 + 62^2 ac + 26c + 2 ad-jr 
2 6rf + c^+j^cd + cP. 



powsfts. 101 

In this way, any quantity whatever can be raised 
to any required power, by means oi the binomial 
theorem. The given quantity must first be reduced to 
a binomial^ consisiing of two single letters ; and after 
,it has been involved^ the respective values of these kt-^ 
ters mtLst be restored. 

' 19. What is the second power of a — 3 6? 
^ 20. Required the third power of 5 a* + 6. 

21. What is the second power of 3 a" + 5 43 ? 

22. What is the second power of a + l^ — 7 ? 

23. Requhred the third power of 2 a; — y +sfi. 
^ 24. What is the fifth power of a^ — c — 2d9 
"25. WhatisthefifUipowerofTaiay?— 10a!««9f 



SECTIO^I IV. 
Addition. 

1. What is the sum of a^ and l^ ? Ans. tfi + l^. 

As the quantities a and b are dissimilar, any pow- 
ers of these quantities must also be dissimilar,; and 
'they can only be added by means of the sign -f. 

2. What is the sum of o* and cfi ? Ans. a^ + cfl. 

It is evident that different powers of thie same let- 
ter are dissimilar quantities, and must be added as 
above. If we suppose the value of a to be 4, c^ =s 
4 X 4, or 16; andti^ = 4 X 4 X 4 =i: 64; and 
(^ + a3 = 16 + 64, or 80. But 2 a« = 16 X 2, or 
32; and 3 d^ = 64 X 2, or 128; therefore, neither 
8 c^ «or 2 0? is the tme sum of 0^ and a'. 

9* 
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3. What is the sum of 2 o^ and 3 a9? Ans. 5 a^. 
For 2 o^ = 2 X flS and 3 a^ = 3 X cfi; ahd 

(2 + 3) X a* = 5 a^. Let the value of a be 4 ; then 

2 tf8 = 2 X 4 X 4, or 32; and 3 a^ =3x4x4, 
or 48; and 32 + 48 = 80 ; but 5 flS = 5 X 4 X4, 
or 80 also. 

Observe that the exponents are not changed, when 
the powers of quantities are added together. 

From all which we infer, that the same letters under 
the same exponents are similar quantities^ and must be 
added by the common rules; but different letters, or the 
same letters under different eccponents, are dissimilar 
quantities, and must be added by means of the sign +. 

4. What is the sum of a^ and 6^ ? Ans. a^ + 1^. 

5. What i^ the sum of a^ and a^ ? 

6. Add together 2 a\ 3 a\ 4 a^, and 5 a^. 

7. What is the sum of 2 a', ac*, 3 o^, and 5 ofi ? 

8. What is the sum o( aa?,b o^jC a^, and d oj* ? 

9.) Sa^i+ga^ic — 7ai3 10.) cPa^J^by^ 

— Qa^b—S^bc + lal^ cdofi+df 

9a^b + 5a^\c— ab^ —^^j^^df 

If. What is the sum of a (oc^ — y3)9, 3 a (oS^ — y3)3, 
and5a(a:^ — y3)2? 

12. Whati8thesumof8(a«— i3)2aiid4(a2— i3)a> 

13. Add together 5 a^ 6 c^, 3 a« 6 c^, a« 4 c^, and 

14» Required the sum of 3 «» + 6 ^, 5 a» + 2 6 c*,, 
a' + 5 6 <?, and 6 a3 -f 2 6 <?. 

15. WhatisthesumofH^* — *«)M(«' — ^*)^ 

3 (aJB _ 6 x)3, ai^di (a« — 6a:)»? 
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16. Add together a* 63 r}- 7 + a:^, 3 o^ 63 + 9, 
a^ + 14, 3 a^l^— 19 — 5 a^y 12— 2 a^ t^, and 
4 a^ 63 _ 8 + 2 a^. 

17. Required the sum of a^ (6^ — 12 a3 4. yiy^ 

3 a3 (J2 _ 12 a3 ^ y4)3^ 2^3 (J2_ 12 a3 ^ y4)3^ 

and 8 a^ (6^ — 12 a3 + y4)3. 

18. What is the sum of a:« y3 + 14 — 13 62, and 
12 + 3 :c2 y3 _ 8 62, and 15 62 — 20 — j^ y3 ? 



SECTION V. 
Subtraction. 

I. What is the differerce between a^ and 6^? 

Ans. a3 — 62, 
The questions in this section are solved like those 

in the last. The signs of the quantities to be sub- 

tracted must, however,, be changed. 
Observe, that the exponents remain unaltered in 

subtraction, as in addition. 

2. Subtract 2 a3 from 5 a^. Ans. 3 a\ 

3. From 5 (a^ — ¥) take 3 (a^ — 63). 

4. From6a2(a3.— 62+3)2take5a2((|3_624.3)2, 

5. Subtract 3 a^ b^ from 7 a^ P. 

6. Subtract 2 a^ from 3 a3. 

7. Subtract 3 a^ frpm 5 a3, 

8. Subtract ba^b from 2 a3 a?. 

9. Subtract 1 a^ x from 9 o2 y. 

10. Subtract 5 a2 a? + 3 ^2 a? from 8 a^a: — 4 ePir, 

II. From 8 a^ 0? y — a;3 take 5 a2 a? y + 2 a?3. 
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12. From 9€fioi?—i2+^a%cfi 13. ) llc^+5xy^ 
Tak e 3ggj^::^164-12ag6a?3. - - i^^x^-Mxf. 

14. J'rom 5(a2— 63)3+a?2y 15.)2a:(a— 6)3-f-(<K_J)3 
Tafce5(a3— J3)y-2a^. . .a;(a— 6)34-(a— 6)3. 

16. From 3 o3 (Ja _ 8)3 take a^ {1^ — 8)3. 

17. Subtract 2 o^ (6^ _ c3) from 5 a^ (J^ — c3). 

18. Take 3 a^ b — 3a^f+ 8 from 8 a^ 6 ^f- ^ 
y3_i7. 

19. FromS ofiy(al^ — 17)3 take 3cfiy{alfl— 17)3. 

20. Subtract^ a l^<?4-^ (? + 7 a from 8 a J^ 
c3 4- 2 J2 c3 — 3 aS, 



SECTION VI. 

I. What is the product of 4 a^ multiplied by 5 a3 ? 

Ans. 20 0^. 

This product may be expressed thus, 20 c? a^ ; that 
is, 20 a a a a a, or 20 o^. But as the sum of the ex- 
ponents is 5, the exponent of the product may be 
obtained, at once, by adding together the exponents 
of the factors. Thus, a* X a' = o^+3^ qj ^s. ajgQ 
0?* X a?5 = a?*+«, or »»; and a* 63 ^ a^ 6* = a^ + s 
63+4,ora«6^ 

Hence, when the same letter, under any power 
whatever, occurs in both the multiplier and multipli* 
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cand, add together its exponentt, and the sum mU be 

the exponent of the product. 

2. Multiply 3 a2 6 by 6 a 63. Ans. 18 a^ b\ 

3. Multiply 8 ©3 63 a? by 2 a2 69 a?. 

4. Multiply 3 a5 69 a? y by 5 a 63 a^ y5. 

5. Multiply 9 a3 (? w by 9 a3 c9 »2. * 

6. Multiply aj3 ^ 5 a by ap9. 

7. Multiply 3 a» — . 5 a a?3 by 2 a3 aJi. 

8. What is the product of a y — 6 -f- y^ multi- 
plied by a3 y9 ? 

9. Required the product of a3 — 6^ multiplied by 
a3 + 69. 

10. Multiply o9 6 c3 _ 12 by g^o^ j8. 

11. Multiply a;3 -|- aj9 y -}- a? y9 -f- y3 by a? — y. 

12. Required the product of a3 -f a — 6 multi- 
,pliedby 2a9 + o + l. 

13. Multiply flS + a^ + a« by a9 — 1. 

14. Multiply 3 (a« — y3)2 by o (a;* — y3)9. 

Ans. 3 « (a;^ — y^y. 

15. Required the product of a^ (cfi —\^ + o^y 
multiplied by a 6 (a:3 — 12 + a:9^3^ 

16. Multiply 3 (a2 + 63)2 by 5 (a^ + 63)2. 

17. Multiply a{ofi — y^ + 4)3 by 6 (a?3 — y2 + 4)^, 

18. Multiply 3 a^ (a^ — y3)2 by 4 o* (a:3 _ ^3)2. 

19. Multiply4a2_i6 aa? + 3a?by5rt3_2a2a:, 

20. Mults)ly a^ — 2 a3 6 4. 4 a2 j9 _ g ^ j3 ^ 
16 6* by o + 2 6. 

21. Multiply 2 + 6 a2 _ J3 by j8 _ fl. 

22.Multij>ly5:5?by5±f. 
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SECTION VII. 

Division. 

1. Divide a^ by a^ Ans. a^. 
The exponent of the quotient added to that of the 

divisor, must be equal to the exponent of the divi- 
dend ; for these two quantities are multiplied together 
by the adding of their exponents ; and the product 
of the divisor and quotient must always give the 
>dividend. 

In the above example, the dividend a^ = a aaaa, 
and the divisor a^ =: aa a; and the division may be 

expressed thus, ^^^ . Now, if we cancel a a a in 

the numerator and denominator, tliere will be left in 
the dividend a a, that is, a^, as in the answer given 
above. 

Hence, if we are required to divide a power of any 
letter, as a^, by another power of the same letter, as 
a^, we must subtract the exponent of the divisor from 
the exponent of the dividend, and the remainder ivill 
be the exponent of the quotient. 

2. Divide (fi by a^ ^ Ans. a^. 

3. Divide a^ ¥ by al^. l 

4. Divide a^ b^(? by afib^ c. v 

5. Divide 16 a^^ b^a^ by A a^ Ifi a^. 

6. Divide 39 a^ m^ f by 13 a^ vfi f. 

7. Divide a^ by a^. Ans. 1. 
By the rule above obtained, a^ -^ a^ z^ a^; for 
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a^ — 2 2= flO. Eat ^ = 1 ; for if we divide any quan^ 

tity by itself, the quotient is 1. Hence we see, thct. 
a® is always equal tb 1, whate'oer may be the value of 
a; and the same is true of any other quantity which 
has ® for its exponent. 

8. Divide a^ by a^. 

9. Divide 5 a^ by 5 a^. 

10. Divide a^ by a^. Ans. a—i. 
Here the exponent of the divisor is greater than 

that of the dividend ; but the general rule must be 
observed. Thus, a^ ^ ^3 _ ^2 — 3 _- q— i^ jjj i^g 

expression a^^, a is said to have a negative eocponent. 
So, also, a -T- a^ ~ o— i; 0-7-0^= fl""^; a -^ a^ 
= a— 3; a -f- a^ = a^*. and so on. 

11. Divide o^ by c^. Ans. a-2. 

12. Divide o^ 6^ ^ by a^ 6^ x\ 

13. Divide o® by a. Ans. a— 1. 
The division of a^ by a, that is, by o^, may be thus 

expressed; "a® -h a^ = a®""^ = «"*^. But it will be 
remembered, that a® = 1 ; therefore, ~ is the same 

as — ; and, consequently, o'-i = "7* 

Hence we learn the value of those powers which 
have negative exponents. Thus, o® = .1 ; a^i = ^; 
0-2= ^; a-3 = ^; o-4 -- i.. ^-.5 ~ ^. &c. 

If the value of a be 2, then a^ = 1 ; o-^ = i; 
a-^ = i; a-3 = i; a-* = A; «-^ — .A; &c- 

14. Divide {a + 6)3 by (a + bf. Aks. 1. 
15- Divide («« — a?3 + 6)* by («» — «» + 6)2. 
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16. Divide (o^ + 5 — yf by (a^ + 5 — y)7.^ 

17. Divide 0/63 + 2 a^b + 2 a^ b^ + a^ by a l^ + 
a^ + flS J. 

Before wp begin to divide compound quantities, we 
should arrange the terms of the divisor and dividend 
according to the powers of their betters, as this will 
greatly facilitate the work. The highest power of a 
letter should come first, and the lower powers should 
succeed in prder. The first term of the divisor and 
the first term of the dividend should contain the same 
letter. 

To arrange this question, we place the letter of the 
divisor which is of the highest power, 'first, and the 
other terms in order, thus ; cfi '\- a^^b '\- a b^. Now, 
as the first term of the divisor is a, the first term of 
the dividend should also contain a, and the whole 
should be arranged thus ; ct^ + ^a^b + 2a^l^ + ab^. 

ifi + a^b + al/^)a/^ + 2a^b + 2a^l^ + ab^{a + b. 

aib+ cfib^ + al^ 
a^b+ flg jg + fl 63 

* # * 

18. Divide alfi — b^c by a — c. 

19. Divide 3 a^ + 16 a* 6 — 33 o^ Js + 14 «» i» 
by a^ + 1 a b. 

20- Divide o^ + 9 a^ + 4 a? — 80 by a; + 5.. 
21. Divide Ifi '—16 (fibylfi — 2 (f^. , 
«2. Divide a^x — b^x+Qx— a^f + l^y^ — 
8 ys fey a? — y3. 
23. Divide a« — a^ a? — a^ a^ + 2 4p* by a* — «:3. 
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CHAPTER VIII. 
EaUATIONS OP THE FIRST DEGREE. 



SECTION 1, 

Introduction. 

When two equal quantitietp differerUly toopr^ssedy 
are compared together by means of th^ sign = between 
them, such an expression is called an equation'. Thus, 
8 + 4 = 18 — 6 is an equation ; for the sums are 
equal, though expressed in different nunlbers. So, 
too, if 0? + 5 and a — 7 represent equal quantfties, 
we have the equation a: + 5 = a — 7. 

• It is by iheans of equations that most of the inves- 
tigations of Algebra are carried on; and the pre- 
ceding chapters may be regarded as merely prepara- 
tory to this part of the science. 

An equation of the first degree contains only the first 
power of the unknown quantity, as x.- When some 

igher pow&r of the unknown quantity, as cc®, or ofi, 

niters into the eque;tion, it is said to' be of the second 

♦f third degreci 

The terms on the left of the sign =;, taken togetiier, 
are caUtd the first member of the equation; those on 
the righty the eecemi member. Thus, in the equation 
10 



,110 FIB9T LESSONS IN ALGEBRA. 

X + 6 = ^ — 5, the first member is a? + 6, and a — 5 
is the second. 

Any changes, which convenience requires, may be 
made in the members of an equation, provided the 
Fame be mlEide in both, so that their equality is pre- 
served; as may be seen in the. following examples: 

Given the equation 8+4 = 18 — 6. 

Add 10 to each member; 

8 +^4 + 10 = 18 — 6 + 10. 

Subtract 12 irom each member; 

8+4+10— 12= 18 — 6 + 10— 12. 

Multiply each term by 2 ; 

16 + 8 + 20 — 24 = 36 — 12 + 20 — 24. 

Divide every term by 4 ; 

44-24.5_6-9r-J3 + 5 — 6. 

Although the members of the given equation, 8 + 4 
= 18 — 6, are changed in form and value by each 
successive operation, it will \fe seen that their equality 
is preserved throughout. Whence we infer that. 

The same quantity may be added to both members oj 
an equation; 

The same quantity m^y be subtracted from both mem- 
bers of an equation; 

AU the terms of an equation may be multiplied by 
the same quantity ; and ' 

AU the terms of an equation may be divided by the 
same 'quantity; without affecting^ in either of these 
cases^ the equality of the two members. 

The application and use of these and other changes 
ID the terms and members of equations^ will be ex^ 
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gained hereafter, as it is found necessary to introduce 
them. 

When a question is proposed, to be solved by Al^ 
g^bra, the first step is, to express its conditions in the 
form of an equation ; or, in common language, toput 
the question into an eqtuUion. 

The next step is, to find the value of the unknown 
quantity from the terms with which it is associated ; 
which process is called the reducing or resolving of an 
equation. ^ 

The rules for reducing equations are few and sim* 
pie ; and they will be given in the subsequent sec- 
tions. But no particular mode of putting questions 
ilito an equation, can be prescribed, as the process must 
vary with the conditions of every question. The fol- 
lowing general directions may be of some service : 

When a question is proposed, before its solution is 
attempted, get a clear and distinct understanding of 
its nature and design. 

Let the thing required, the answer to the question, 
be represented by some letter, as a? or y. 

Regard the letter used as the answer of the ques* 
tion, and perform the same operations on it as would 
be necessary to prove the real answer to be correct. 

The result thus obtained will be one member of 
the equation; and the other njiember will be found 
in the corresponding conditions of the question. 

To illustrate these general directions by a single 
example : Let us suppose that a man gave 175 dol- 
lars for his watch, chain and seal ; tl\at the chain cost 
twice as Qiuph as the i^al^ and the watch twice as 
much as the chain. What was the price of each ? 
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/ 



This qnedtion has three, required qiuuititieB, or 
swers, namely^ the prices of the watch, the chain, aod 
the seal, either of which may be assumed and repre* 
selited fay a letter, tis x; and, either being known, the 
others can readily be fiiund. 

First, let us suppose the waUh cost x dollars ; then 

th6 chain cost ^dollars, or half as muc^h as the watch ; 

and the seal cost -r- dollars, or half as much as the 

chain J and, according to the answer assumed, they 

all cost <«? + 1- + J d^ltaw. Bttt ibey actually costj 

by the questiCJH, 11^ d6lldi-s; we h&ve, th^i^efoi^e, this 
Ration : 

x + ^ + ^^m. 

Again, let us suppose the cAotn co^ oo dollars ; then 
the wateh cost twide as much^ or ^ op dollars ; and 

the iPdal cost half al»'tnm&h as-the^c^haitt, cfr -| dollars. 
According to this supposition, the cost of the whole 
was 2 a? + a? + Y dollars ; and we have this equa- 
tion: 

a a? 4- 0? -4- Y rs: 175* 

FHiially, let us suppose the sed cost x dollars ; then 
the 6hain cost 2 x dollars ; and the \i^atch cost twice 
as ffitich As the chain, or 4 a? dollars. By this suppo- 
sition, the price of the Whole was 4 a? -f 2 a? + a? dol- 
lars ; and we have the following equation : 

4a; + 2a?-t-^= I'^S. 
Either of these equations will give bne answer to 
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the question, from which the other answers may be 
obtained by common multiplication or division. The 
last form, being the most simple, is to be preferred. 

It will be observed, tlfcit the value of x is different 
in each of these equations. In the first, it i^ 100 dol- 
lars, the price of the watch ; in the second, it is 50 
dollars, the price of the chain ; in the third, it is 25 
dollars, the price of the seal. 

To find the numerieal value of the unknown quan-^ 
tity, we make it stand alone, neither multiplied nor di- 
vided by any number or quantity, as one member of the 
equation; and coUeet aU the kw^wn quantities together 
for the otherimember. 



SECTION II. 
To remove Coefficients, 

1. A man gave 381 dollars for a horse and chaise ; 
and the chaise cost twice as much as the horse. Re^ 
quired the price of each. 

Let X represent the pri(^ of the horse. Then 2 x 
will be the price of the chaise ; and x -{- 2x will be 
the price of both. We have, therefore, the following 
equation >: 

x + 2x = 381. 
Add the x% 3 a? = 381. 
^Divide by 3, a? = 127^ the price of the horse. 

And 2 0? = 254, the price of the chaise. 

To obtain the second equation, viz. 3 a? s± 381^ u^ 
10» 
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collect aU the terms contomng* the uukHoim quahti(ff 
into one term. 

We then divide this equation by 3, to find the value 
of x; for if 3 27 be equal to 381,^ is eviden% equal 
\& ^ of 381 ; that is, we divide the terms of the equa- 
tion by the coefficient of the mknown ftumtitp. 

In geneiral) to reduce an equation^ to&cn the unknown 
quantity is multiplied hy any mmtb&, iffe must divide 
hll the other terms of the equation by that nunJ>er. 

TUs principles inu9t be observed, wheA the tinkiiown 
quantity ocicurs in more tfaan oneterm^ and is multi- 
plied by letters in^<ead'of numbers. 

2. Given the equation a a? + 6 a? = 38. 

As the first member, ^ x -{- b Xyia the product of 
a +'b multiplied by a?, it may be expressed thu$ : 
(a -^ b) x; where o + & is the coeflicient of x. 

a 0? + i a 3: 38 

(a + by x = d8 

Let us suppose thai a == 10, and b sz 9,- aiid sub- 
stitute these numbers f^r the Sutlers; we shall then 
have 

Jo X + 9 a? :fe 88 

^iO + 9) a? = 38 



10+9 
*3. THvonimii A.4adBy ikwie ki cotiiSimxiffj and 

* t1i8 questioiu thus nuud^ed ud' reftrrec^ to in tf stibiequeiit 
ehafter. 
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gAiii ^1415 of which B is to hft?e ^iee as much as 
A. What is the 6hare of each ? 

Let 0? = A's share. 
Then 2 a? ;= B's share. 
, And X + 2x1=. 141. 

Ans. A's share, ^47 j B's, $94. 

4. A man distributed 70 cents among four poor 
persons; giving the second twice, the third thnee 
times, and the fourth four times,. as much as he gave 
the first. What did he give to each?.^^ ) ^-2J ,2 ^ 

'*i. Said a father to his son, '^Our joint ages are* 
78 years, and I am 5 times as old €is you." What 
Were their ages ?/, s o / 7 

IiCt X =: the son's age. 
Then 5 a? 2 the father's age. 

And 5 X + X = "18. 

*6. Three men, A, B and C, trade in company, 
iftnd gain $696, of which B is to receive 3 times as 
much as A, and G as much as both A and B. What 
is the share qf ^ch? i J^ t L I $ 1/ ::i , 

Let * ^ A's share. 

Then 3 a; ^ B's share, 

and a? -f 3 ti?, or 4 a? i=:'C^s share. 

Ando? +► 84?7+- 4 OP t=s' 



/ 7. A fiu'mer hired two men and a boy to do a cer- 
\&tk pleoe of work } if^re^ to fWy toe «f th^ men 
Schillings, the oth«f 4 «bilUiigft, altd ^the bdf 3 fliM« 
lings, % diay. When ihe woi^k was flnidied, he paid 
them $54. How many days were they iMnployed-? 
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Let X = the number of days. The first man earn* 
5 X shillings ; the other, 4 x ^hillings ; and the boy 
3 X shillings ; which, together, are equal to 324, the 
shillings in $54. 

5 a? +.4a? + 3 a? = 324. , • - '| 

8. A fafmier sold ail equal ntimber of oxen, cows 
and sheep, for $632. For the oxen he received $47 
apiece; for the cows, $25; and for the^sheep, $7. 
How many did he sell of each sort ? 

9. A merchant, failing in trade, owes to A, B, C 
4ind D, $3597. To B he owes twice as much as to 
A ; to C, as much as to A and B ; and to D, as much 
as to B and C. How much does he owe to each of 
them ? 

10. A boy bought 2 oranges, 3 pears and 4 apples, 
for 22 cents. He gave as much for a pear as for 2 
apples ; and twice as much for an orange, as for a 
pear and an apple. What was the price of each ? 

* 11. The age of A is double that of B ; the age 
of B is three times that of C; and the sum of all 
their agefr is 140. What is the age of e9.ch ? 

* 12. A farmer sold a quantity of wood for 104 
dollars ; one half of it at $6 per cord ; the other 
half at $7. How many cords did he sell ? 

Let X zz half the number of cordsi 
Then 6 ^ + 7 a? = 104. , 

IS. A man bought thr^ equal lots of hay for ^ 
$866 : for the first Ipt he gave $19 a ton ; for the 
second lot, $20^, for the third, $22. How many 
tons did he buy i 
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* 14. How Ipng will it ttike three masons to lay 
1800 bricks, if one can lay 50, another 60, and the 
third 70 bricks an hour ? 

15. A man left an estate of $60000, to be so di- 
vided between his widow, 3 sons, 2 daughters and a 
ward, that each daughter should receive twice as 
much as the ward, each son as much as the ward and 
a daughter, and the Widow twice as much as each son. 
What was the share of each ? 

16. How long will it take two men to build 387 
rods of wall, if one build 4 and the other 5 rods a day ? 

Let X == the number of days. 

. * 17. Four brothers gsuned, in a year, $4755 ; of 
which B gained three times as much as A ; C gained 
as much as A and B; and D gained as much as B 
and C. ' What sum Was gained' by each? 

18. In how many botitis will a cistern, containing 
364 gallons, be emptied by 3 cocks ; one of which 
discharges 2 galloiis in 15 ifninutes ; the second, 5 
gallons in 30 minuted, and the third, 3 gallons in 45 
minutes ? ^ 

' * 19. One man leaves New York for Boston, and 
travels 9 miles an hour ; another man leaves Boston for 
New York, and travels 7 miles an hour. Inliow many 
hours will they meet, the cities being 224 miles apart ? 
90. Four boys, A, B, C and D, upon counting their 
money, found they all had ^30 ; of which sum A's' 
share was three times greats than B's ; C's share was 
equal to B's, and one ihird of A's ; and D's share 
was equal to A's, and half of C's. What was the 
share of each? 
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^ Let X = B's share. 
Then 3 a? = A's share, 

a: + y , or 2 a? = C's share, 

ami 3 0? + — , or 4 a? = D's share. 
Therefore, a:-f3a? + 2a? + 4a? = 30. 

21. A asked B how much money he had.; who re- 
plied, that if he had seven times as much, he could 
lend four times what he then had, and have $69 left. 
How much had he ^ 

Let X = B's money. 
Then 7 a; — 4 a; = 69, 
or 3 a? = 69. 

22. A father is seven, and a mother (ive, times as 
old as their $on ; and the difference of their ages is 
16 years. How old is the son ? 

23. .A man directed, in his will, that his property 
should be so divided, that his son should have three 
times as much as his daughter, and his widow twice 
as much as both her children ; by which division she 
received $8235 more than the son. What was Jthe 
share of each ? 

24. A farmer bought a horse, a chaise and a house, 
for $800. Now, he paid 4 times as much for the 
chaise as for the horse, and 5 times as much for the 
house as for the chaise. What was the price of each? 

*25. Two .men, A and B, travel the same way; 
A at the rate of 45 miles, and B 30 miles, a day. In 
how many days will they be 300 miles apart ? 

*26. If they were to travel in different direc* 
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tions, in how xnany days would they be 300 miles 
apart ? 

I 27. A man has six children, whose united ages are 
42 years ; and the common difference of their ages 
is equal to the age of the youngest child. What are 
their several ages ? 

* 28. A gentleman bought 3 kinds of wine, of each 
an equal quantity. For the first kind he paid 7*., for 
the second 8^., and for the third 10s., a gallon ; and 
the price of the whole was $50. How many gallons 
did he buy ? • , 

*29. A farmer employed two men to build 105 
rods of wall ; one of whom could build 4 rods, and 
the other 3 rods a day. How many days did they , 
work? 

30. A laborer, who spent every week as much as he 
earned in 2 days, saved 32 dollars in 4 weeks. What 
were his daily wages ? 

31. A farmer sold a quantity of cider for 84 dol- 
lars ; one half of it at $3 per barrel, the other half 
at $4. How many barrels did he sell ?, 

32. A man left an estate of $21546; one third of 
which he bequeathed to his widow, and directed the ' 
remainder to be so divided between his 2 sons and 2 
daughters, that each son might receive as much as 
both the daughters. What was the portion of each ? 

33. Three travellers found a purse, containing 
$54 ; of which B secured three times as much as A, 
and C secured half as much as both of the others. 
What was the share of each ? 
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SECTION III. 

•4 

7h remove Denominatore, 

1. A man received $18 towards a ddbt, which 
was only f of the sum due. What was the whole 
debt? . ♦ 

Let cc denote the amount of the debt. 
Then ■- must be — , and -^ must be — of it. 

Therefore, ^ = 18. 

It has already been shown, [See- Sec. I.] that, if 
all the terms of an equation be either multiplied or 
divided by the same quantity, the equaUty of the 
members will not be affected ; therefore, to remove 
the denominator of the first term. 

Multiply by 3 ; 8 a? == 54. 

Divide by 3; a? =;= 27. Ans. $^. 

We first multiply the whole equation by 3, the de- 
nominator pf the fract^n, and then find the value of 
X as before. It has been shown, in a former chap- 
ter, [See Chap. VI. Sec! VI.] that a fraction is mid- 
HpKed by its denominator^' when that denominator is 
removed. 

2. 'Vyhat number is that, i wd f ^f wluoh ^Q 44 ? 
I^t X indicate the imi»b§r> Th« f ift bfi^ of! it, 

and J- three fifths of it 
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Therefore, 4 + ?f = 44. 

Multiply by 2; a; + ^ = 88. 

Multiply by 5 ; 5 a? + 6 a? = 440. 
Add the a?'*; 11 ac = 440. 
Divide by 11 ; a? = 40. Ans. 40. 

We first free the equations from fractions, by mul- 
tiplying all the terms by the denominators, one at a 
time, and' then find the value of a? as before. 

3. What number is that, which, being increased by 
I, f , ^ and ^ of itself, becomes 146 ? 

Let X = the number. 

Then, by the question, a; + T+T" + T"'~^^^^^* 

MulUply by2;2a? + a? + ^ + i^ + y= 392. 

Multiply by 2; 4a?+2a? + 3a; + y + ?|. = 584. 
Multiply by 7 ; 28 a; + 14 a? + 21 a? + 8 a? +2a; = 4088. 
Add the x's ; 73 a? = 4088. 
V Divide by 73 ; a? = 56. 

Aks. 56. 

Observe that we multiply the fractions -^ and ^, 
by dividing their denominators by 2 ; and we multi- 
ply. the fractions — and — , by removing their de- 
nominators. 

To free an equation from fractions^ we muUiply all 
the temu by all the denominators, taking them in such 
order as may be most convenient. 
11 
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4. Says A to B, '< If tP my age ^ and f of my age 
be added^ the sum will be 81 ; what is my age ?" 

Let X denote A's age. 

X Sx 

Then a? + y + "j" = 81> by the question. 

* 5. If ^ of a ship cost $4000, what is the whole 
ship worth ? 

6. A man, driving his geese to market, was met by 
another, who said, " Good morrow, master, with your 
hundred geese." Said he, ^' I have not a hundred ; 
but if I had as many more, and half as many more, 
and two geese and a half, I should have a hundred." 
How many had he ? 

«+« + f == 100 — 2^. 

7. A post, standing in a pond, is i of its length 
under water, and i above water, it being 14 feet from 
the top of the post to the bottom of the pond. What 
is the whole length of the post f 

8. What number is that, whose sixth part exceeds 
its eighth part by 20 .^^ 

Let X = the number. 

Then-^ — ^ = 20. 

""^ 9. A man, having spent three fifths of his estate, 
had $97$ left. How much had he at first i^ 

10. A man spent i of his life in England, i of it 
in Scotland, and the remainder of it, which was -20 
years, in the United States. What was his age ? 

11. What number is that, i of which is greater 
than f of it by 21 ? 
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13. A man sold 75 bushels of wheat to two per- 
sons ; to one, j-, and to the other, i of all he had. 
How many bushels bad he ? 

13. A man gave to three poor persons $6 ; to the 
first, i, to the second, i, and to the third, i of all the 
money he had in his pocket. How much had he? 
' 14. A and B divide $320 between them, of which 
B has three times and f as much as A. How much 
has each } 

15. A says to B, " Your age i^iwice and f of my 
age, and the sum of our ages i^" 54 years." What is 
the age of each ? 

* 16. If you divide $50 between two persons, giv- 
ing one f as much as the other, what will be the share 
of each ? ;' 

17. A stranger in/Boston spent, the first day, ^ of 
the money he brought with him ; the second day, *J ; 
and the third da^, | ; when he had only $26 left. 
How much moD^y did he bring ? 

18. A man/ having invested J of his property in 
bank stocky Uy which he lostf of the sum invested, 
had stock ^rth $723 remaining. How much prop- 
erty had hA at first? » 

19. A Merchant retired from business when he had 
passed l^T^of his life, during f ot>hich period he had 
beeUi^e Aj ^ed in trade, having commenced at the age 
of 21, lol what age did he die ? 

2Qed m age of A is j^ that of B, and the age of C is 
i thj worl bor ^^ ^^ B^^un of all their ages is 120 
yea ( ^|.^at is the age 6f each ? 

^^jrmer wishes to mix 90 bushels of proven 
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der, consisting of barley, bats and corn, so that there 
may be |^ as many bushels of oats as of com, and | 
as many bushels of barley ^ of oats. How many 
bushels of each sort must he use ? 

22. Three boys spent 98 cents for fruit. B spent 
I as much as A, and C spent | as much as B. What 
did each spend ? 

23. If you divide $75 between two men, in the 
proportion of 3 to 2, what will each man receive ? 

One*man will receive 2 dollars as often as the other 
receives 3 ; that is, onexwill receive f as much as the 
other. 

Let X z=L the share of one. 

Then — = the share pf the other. 

And ac -j- -^ = ^55. 

* 24. Divide 84 into two numbek?) which shall be 
to each other as 7 to 5. 

25. What two numbers are to eacliV other as 4 to 
9, their sum being 91 ? 

^ 26. Three men trade in company, andlgain $780. 
A put in $2 as often as B put in $3 andVC put in 
$5. What part of the, gain must each one y^ceive ? 

Let 0? = A's share. 

Then ~ ;;= B's share, 

and ^ = C's share. V * 

27. Divide 234 into 4 numbers, which shallge ? to 
each other in the proportion of 5, 6, 7 and 8. f greft 

28. Divide 36 into three such parts, that j^ 
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%rst, i of the second, and i of the thirds shall be equal 
to each other. 

29. Four towns are situated in the order of the four 
letters, A, B, C, D. The distance from A to D is 
102 miles. The distance from A to B is to the dis** 
tance from C to D as 2 to 3 ; and j- of the distance 
from A to B, added to i the distance from C to D, is 
3 times the distance from B to C. How far are the 
towns apart ? 

30. Two young men began to trade at the same 
time, the capital of A being to that of B as 7 to 6. 
The first year, A gained a sum equal to |* of his capi- 
tal, and B lost i of his. The second year, A lost § 
of what he then had ; and B's gain was to what re- 
mained of his original capital, as '2 to 5. At the be- 
ginning of the third year, the two had $2450. What 
was the original capital of each ? 

31. A gentleman, by his will, divided his property 
equally between his son and daughter; and the son, 
having spent f of his portion, had $7268 left. What 
was the whole amount of property left? 

32. A man, being asked the age of his daughter, 
replied, *f My age is to hers as 4 to 1 , and her moth- 
er's age 18 to mine as 7 to 8, and the sum of all our 
ages is 10? years." What was the daughter's age ? 

33. A trader, having 'increased his capital by f of 
itself, lost i of what he then had; he afterwards 
guned a sum equal to i of the remainder, when he 
was worth |^3935. What was his capital } 

II* 
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SECTION IV. 

Transposition, 

1. If you divide $36 between two persons, in such 
a manner that B shall have $ 12 more than A, what 
is the share of each ? 

Let X = A's share. 

Then a? + 12 = B's share. 

A. And a? 4- ^ + 13 = 36> by the question ; 

B. or 2 a; 4^ 12 =: 36, by adding the x^s. 

In the last equation, we find that 2 a? + 12 = 36 ; 
that is, 2 a? is L2 less than 36. We may free the first 
member from knpwh quantities, by subtracting 12 
from each side of the equation. We shall then have 

c. 2 a; + 12 — 12 = 36 — 12. 

But as the -|- 12 and — 12, in the first member, can- 
cel each other, they may be omitted ; thus, 

D. 2 a; r= 36 — 12; 

E. or 2 a? = 24, by subtraction. 
F. X = ^ = 12, A's part; 
and a; + 12 = 24, B's part., 

Compare equations b and d ; whenc^ it appears^ 
that -f 12 is transferred firom the first to the second 
membisr.of the equation, the sign being changed froih 
+ to—. 

Therefore, to remove a positive qumtity^ produces 
ihe same result as to annex' a negatvoe qiuiUtity of the 
4ame value. 



£qUAtlONS OF THE FIRST DEGREE. 127 

Hie temaving of a term from one tide of an equa* 
tiori'to the other ^ is called Transposition, 

2. A trader has bills against A and B for $187, 
the bill of A being $2& more thanthat of B. What 
is the amount of each ? 

Lei X denote B's bill. 

Then X + 25 = A's bill. 

And X + X + 26 =. l67, by the question. 

* 3. A spent $81 more than B, and they both spent 
$323. How much was spent by each ? 

4. A gentleman gave to two beggars 67 cents, 
giving to the second 13 cents less than to the first. 
How many cents did each receive ? 

Let X = the cents given to the first. 
Then a? -^ 13 = the cents given to the second. . 
A. And X + X — 13 = 67, by the question ; 
B. or 2 a: -^ 13 =^ 67, by addition of x^s. 

As 2 a? — 13 = 67, it is evident that 2 cc is greater 
than 67 by 13. If we add 13 to each side o'f the 
equation, we shall have 

c. 2 0? — 13 +. 13 = 67 + 13. 

Since — 13 and + 13 cancel each other, in the 
first member, we have 

D. 2 a? = 67 + 13; 

E. or 2 a? = 80, by addition. 

F. a? = 4^ = 40, the share of the first; 

and X — 13 = 27, the sWe of the second. 

Compare equations b and d, ^before. It appears 
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that — 13 is transferred from the first to the secdhdi 
member, the sign — being changed to +. 

Whence it appears, that to remove a negative quan- 
tity, has the same effect as to aid a positive quantity 
of equal value, 

5. Three men. A, B and C, trade in company, upon ■ 
a capital of $3981 5 of which B furnished ^337 more, 
and C $181 less, than A. What was the share of 
each? 

6. A man left an estate of $9931, to be divided be- 
tween his widow, son and daughter, in such a man- 

. ner, that the son should have $522 more than the 
daughter, and $592 less than his mother. Required 
the portion of each. • ' ' 

7. Divide 42 into four such parts, that the first shall 
be 5 more than the second, 8 less than the third, and 
9 more than the fourth. 

* 8. An express had been travelling 5 days, at the 
rate of 60 miles a day, when another was despatched 
after him, who travelled 75 miles a day. In how 
many days did the latter overtake the former ? 

Let a? = the numbei" of days. Then the second 
express trayie^s 75 x miles ; and the first express travels 
60 X miles, after the departure of the second^ and was 
300 miles (60 X 5) in advance of him when he 
started. Now, bs they both travel the same distance, 
we have 

X. 75 a? = 60 a? + 300. 

H«re, 4he unknown quantity is found on both 
ades of the equation; Imt dU the terms containing 
ike unknown qud^ity must be brouf^ into one nun^ 
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ler, and all those containing knovm quantities, into the 
other. 

If any commodity to be weighed, as coffee, for in- 
stance, were mixed with the weights of a grocer, al- 
though his scales might be perfectly balanced, it is 
Evident that he could not determine how many pounds 
of coffee they contained. His only way would be, 
to collect all the coffee into one of the scales, and 
all tbe weights into the other. Now, an equation is 
not unlike th^ grocer's scales : the commodity to be 
weighed is the unknown, and the leaden weights, the 
known quantity. 

If 60 0? be subtracted from each side of the equa- 
tion, we shall obtain 

B. 15 X — 60 a? = 60 0? + 300 — 60 x. 

If we cancel + 60 a? and — 60 a?, in the second 
member, the equation will be 

c. 75 0? — 60 a; = 300 ; 

or 15 a? = 300, by subtraction. 

a? = 20. 

Ans. 20 days. 

Compare equations a and c, where a term contain- 
ing the unknown quantity, 60 a?, is removed from the 
second to the first member ; the sign -|- being chang- 
ed to — . 

9. The water had been flowing from a full cistern 6 
hours, at the rate of 12 gallons an hour, when a pipe 

, Was conducted into it,' which restored 21 gallons an 
our. In how many hours was the cistern full again ? * . 

10. A man, being asked his age, answered, that if 
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his father's age, which was 52 years^ were added to 
three times his own, the sum would be five times his 
age. How old was he ? 

''''11. A father is three times as old as his son ; but 
in 20 years he will be only twice as old. What is 
the age of each } . 

12. When a boy would buy a certain number of 
oraiiges at 6 cents apiece, he found they would come 
to 12 cents more than he had ; he, therefore, bought 
the same number at 5 cents each, and had 6 cents 
lefl. How; many oranges did. he buy?. 

* 13. Divide 64 into two such parts, that five times 
the first shall be equal to three times the second. 

Let X == the first part. 

Then 64 — i = the second. 

And 5 a? = (64 — x) X 3, by the question ; 

4. or 5 a? = 192 — 3 x. 

It appears that bxis not equal to 192 by 3 x. If 
we add 3 a? to each side of the equation, we have 

B. 5 a? 4- 3 0? == 192 — 3 ac + 3 a?. 

And if we cancel the — 3 a? and + 3 a;, in the 
second member, the equation becomes 

c. 5 0? + 3 a; = 192 ; 
or 8 a? = 192, by addition. 
X = 24, the first part ; . 
and 64 — a? = 40, the second part. 

4 .-^j, Observe, in the equations a and c, that — 3 o^is re* 
« jj90ved firom the second member to the first, the sign 
— being changed to +. 
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From -the preceding examples and observations we 
derive the following principle : Any term may be trans- 
posed from one member of an equation to the other ^ if 
the sign be changed. 

14. A pole is 4 feet in the ground, ^ of its whole 
length under water, and ^ above water. Required 
its length. 

1^. The head of a fish weighs 8 lbs.; his tail weighs 
as much as his head and half his. body, and his bodj 
weighs as much as his head and tail. What is the 
weight of the fish I 

Let X =z the weight of the body, 

and ^ + 8 = the weight of the tail. 

Thena;=:y + 16. 

16. A man, being asked his own and his wife's 
age, said, that his youngest child was 4 years old ; 
that the age of his wife was twice the age of the 
childiand f of his own age; and that his own age 
was equal to the united ages of his wife and child; 
How old were they ? 

* 17. A merchant has wines at 9 shillings, and at 
13 shillings, per gallon ; and he ^ould make a mix- 
ture of 100 gallons, that shall be worth 12 shillings 
per gallon. How many gallons of each must he 
take.^ 

* 18. How many gallons of wine, at 9 shillings a. . 
gallon, must be mixed with 20 gallons at 13 shillings, 
that the mixture may be worth 10 shillings a gallon ? 

19. A merchant, having mixed 10 gallons of wine, 
at 8 shillings a gallon, with 35 gallons at 10 shillings, 
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wishes to add as much wine at 15 shillings as shaf 
make the whole mixture worth 2 dollars a galloi 
How many gallons must he take ? 

20. How many gallons of water must be mixec. 
with 35 gallons of wine, at 9 shillings, and 45 gallons 
at 13 shillings, a gallon, that the whole mixture may 
be worth 10 shillings a gallon ? 

21. A clerk spends § of his salary for board and 
lodging, f of the remainder in clothes, and saves $150 
per annum. What is his salary ? 

22. What is that number, i and ^ of which is 35 
more than its sixth part ? 

*23. Two men, A and B, have each $80. A 
spends $5 more than twice as much as B, and has 
then half as much as B, wanting $13.^ How much 
did each spend? 

24. Divide 84 into two such parts, that if ^ of the 
less be subtracted from the greater, and i of the great- 
er be subtracted from the less, the^ remainders shal 
be equal. 

Let X = the greater number, 
and 84 — a? = the less. 

Then x ^ is i the less subtracted from the 

greater; and 84 -r- a? — y is i of the greater sub- 
tracted from the less ; tod, by the terms of the ques- 
tion, their values are equal. 



— -— = 84 — « — —. 

2 8 



2a?^_84 + « = 168— .«« — J. 

Ans. 48 and 36. 
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Observe that the sign — , before the fraction -^y^, 

affects the value of the whole fraction, and not any 
particular term of it. We are not required to sub- 
tract half of 84 from the preceding term, but only 
half of the excess of 84 above x. Therefore, if the 
sign — is prefixed to 84, when the denominator is re- 
moved, the sign — before x must be changed to + ; 
otherwise, too much, by the value of a?,- would be 
taken fr6m the first term of the equation. Were the 

sign -(- before the fraction ■ , it would not be ne- 
cessary to change the sign before x from — to -f* 
(See Chap. VI. Sec. III.] , 

25. Divide 72 into two unequal numbers, so that, if 
f of the less be subtracted from the greater, the re- 
mainder may be equal to f of the number which re- 
mains, after the excess of the greater above, the less 
is subtracted from the le^s. ' 

26. Two clerks, A and B, sent ventures in different 
vessels, A's being worth only f as much as B's. A 
gained and B lost $33; then i of B's returns, sub- 
tracted from A's, would leave i of the value of A's 
venture. How much did each send ? 

dr. A gentleman bought a watch and chain for 
$160. If f of the price of the watch be subtracted 
from 6 times the price of the chain, and -^ of the 
price of the chain be subtracted from twice the price 
of the watch, the remainders will be equal. What 
was the price of eaph ? 

S8. A person, being asked the iittie of day, replied, 
*' If to the time from noon be added its i, i, } and i, 
12 
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the sum will be ieqnal i& t&e time till Hudnigbt. Re- 
quired the hour. ^. , 

29.^ Tliere are two Bumbers in the proportion of 3 
to 4 ; hut if 24 be adxled ib each of them, the sums 
will be in the proi>ortioB of 4 to 5. What are the 
number ? 

* 30: What number is that which, being added to 5, 
and also multiplied by 5, the product shall be 4 times 
the sum ? 

31. A man, having spent $10 ±ore than i of his 
money, had $15 more than ^ of it left. How much 
had he ? 

* 32. What number is that, which, being divided 
by 16, will amount to 84, when the quotient, dividend 
and divisor are added together ? 



SECTION V. 
Que9ti(ms for Practice. 

1. What number is that, to which if there be added 
i^ if and i of itself, the sum will be 50 r 

2. A person, upon being asked his age, replied, that 
} exceeded J part of it by 5 years. What was his 
age ? 

3. A trader g$ve t&ree checks^ am6Untii\g-.to ^94 ; . 
the first for i, the secon(J for i, the third for i, of 
Hke money he^ haA in Uie bs^k. I{ow much 'had he ? 

4. To^nd two drttib numbers, in ^theprofprtion of 
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3 to 1, tiM,, if 4 b^ added to eachj^ they will be in pro- 
portion of 3 to 2.' 

5. In the composition of a cei^ain quantil^ of giin- 
powder, f of the whole and 10 pounds were nitre; i 
of^tim whole, wanting 4i pounds, was sulphur ; and 
the charcoal wad f of the oitre, wanting 2 pounds. 
How many pounds were Ibere ? 

* 6. A person, being asked the time of day, an- 
swered, that the time past, from noon was equal to | 
of the time to midnight. What was the hour f 

Let a? == the hour. 
Then 12 — ©as lime ^ midnight. 

And X = — - — . 

• o 

7. A privateer; running at the rate of 10 mles^ an 
hour, discovers a ship 18 miles off, making way at the 
rate of 8 miles an hour. In bow many hours will the 
ship be overtaken? 

' 6. Rei}uired tw6 numbers, which ace :to each othier as 
3 to 2 ; and^whose sum equals ^ part of their product. 

Let X denote the larger number, and the smaller 
number will be -—, and x + ~ ==. their sum. 

Wow, y X Y ^ -J, wtich is the product of the 

l' 2j^ Sic* 31^ 

lwp,imnabers j i^nd - pact of — is — , or — , 
Then y ==: a? 4- -j^, by the question. 
af^ =z 9 X -^^ 6 Xyhy removing the denominatorsu 

This is aiiequaiioii of the. second degree, as it con- 
laks the iseoond' power of the tinknown quantity, 
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namely, x^ ; but if we divide all the terms by x, we 
shall obtain 

a? = 9 + 6, 

which is an equation of the first degree. 

A'ns. 15 and 10. 
9. Divide 48 into two such parts, that the one part 
may be three times as much above 20 as the other 
wants of 20. 

• 10. A father leaves $1600, to be divided between 
his widow^ son and daughter, in such a manner that 
the widow is to have $200 more than the son, and the 
son $ 100 more than the dciughter. What is the share 
of each ? 

11. A man leaves $11000, to be divided between 
his widow, two sons, and three daughters. By his will 
the mother is to receive twice as. much as one of the 
sons ; and each son is to receive twice as much bs a 
daughter. How much is each of them to receive ? 

12. An estate is divided between three men in such 
a manner, that A receives $1000 less than ^, B $800 
less than ^, and C $600 less than ^ of the whole. 
What is the value of the whole estate, and what is 
the share of each individual ? 

13. A father leaver his property to four sons, who 
share it in the following manner : A has $3000 less 
than ^; B has $1000 less than i; C has ^; and D 
has $600 more than i of the property. What is the 
whole amount bequeathed ? and the share of each*of 
the sons } 

* 14. A father, being asked tbe a^ df his daugh- 
ter, replied, that, if her age were muUiplied by 5, the 
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•prodliet woitkl be as much less than 40, as her age 
was less than 1^: What was her age? 

* 15. Di^e 76 into two such parts, that the quo- ^ 
tient of the greater, divided by the less, may hd 37. 

Let X =: less number. 
Then 76 — - a? = the greater. 

And^ = 37. 

* 16. A man has two silvei* cups, having but one 
cover for both. The first cup weighs 12 ounces ; and 
when it is covered, it weighs twice as much as the 
other cup ; but if the second cup be covered, it weighs 
three times as much as the fi:3t. Required the weight 
of the cover and of the sgcond cup. 

* 17. If a ceHaiii nutnber be divided by 7, the sum 
of the dividend, divisor and quotient, will be 7 1 . What 
is the number ? 

18. What is that number, of which | is as much 
smaller than 65, as twice the number is greater than 
640? 

19. Two persons, A and B, are 320 miles apart, 
and travel towards each other ; A at nhe rate of 9 
miles an hour, and B at the rate of 7 iniles. In what 
time will they meet ? How many mHes does each 
travel ? 

20. Two brothers, A and B, had the same income. 
A spent all of his, and | more ; B saved i of his. At 
the end of 10 yeaifs, B paid A's debts, a»d had ^160 
left. What was their income ? 

21. A farmer planted com in 4 fields. Tlnll^trd 
j)roduced dliusheh more than the fourtbi thd seiHi«4 
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12 bushels more thm the« third; the first, 18 bosheki 
more than the second ; and the whole produced 6 bush« 
els more than 7 times as much ajs the fourth. What 
was the whole oumber of bushels ? 

"^22. Two men have equal sums of money. One 
having spent $39, an4 the other $93, the one has but 
half as much lefi as the other. How much had each ? 

23. What is that number, which being added to 
24 and 36, the sums will be to each other as 7 to 9 ? 

* 24. A laborer receives 3*. 6d. every day he works, 
and forfeits 9d. every day he is, idle, At the end of 
24 days, there is due to him the sum of £3 2s. 9d. 
How many days was hh ^dle ? 

"^ 25. Two persons, A dnd B, have each an annual 
income of $400. A spends, every year, $40 more 
than. B ; and, at the ehd of 4 years, they both to- 
gether save a sum equal to the income of either. 
What do they spend annually ? 

26. A gentleman leaves $315, to be divided among 
four servants in the following manner : B is to receive 
as much as A, and ^ as much more ; C is to receive 
as much as A and B, and i as much more ; D is to 
receive as much as the other three, and i as much 
more. What is the share of each ? 

27. What number is that, which being multiplied 
by 4, and 30 subtracted from the product, and being 
divided by 4, aihl 30 added to the quotient, the sum 
and difference shall be equal ^ 

28. A person, bemg asked his age, replied, <^ If f 
of my age be multiplied by i of my age, the product 
>9riU be equal to my age«" What was his age .^ 
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^. Two numbors $re to each other as 2 to 3 ; but 
if 50 be subtracted fmm each, one will be ^ of the 
other. What are the numbers ?' 
* "^30. A waterman went down a river and returned 
agailh in 6 hours. Now, with the stream, be can row 9 
miles an hour ; but, against it, he can make a head«- 
way of only 3 miles an hour. How fkt did he go ? 

31. In a mixture of 'Wine and cider, ^ of the whole 
and 25 gallons was wine ; and i of the whole, wanting 
5 gallons, wa^ cider. Required the quantity of each 
in the 'mixture. 

32* A gentleman visited several poor families. At 
the first house, he gave 3 shillings less than i of all 
his money ; at the second, 4 shillings less than i of 
what he had left; at the third, ^ of what he had left; 
at the fourth, 3 shillings less than i of what he had 
left ; at the fifth, 2 shilhngs more than i of what he 
had left ; and at the sixth, all he had remaining, Now, 
he gave the same sum to each &mily» How much 
did he leave at each house? 

33. In a certain river is a post that stands 4 feet in 
the ground ; at high water, i of the remainder is cov- 
ered, while only i of the whole post appears above 
the surface of the water ; but, at low water, the length 
above the surface is just equal to that which ,^ at high 
water,, is immersed. Required the length <^ the post, 
and the rise of the tide. 

* 34. What number is that, to which if I add 13, 
and from ^ of the sum subtract 13, the remainder 
shall t?e 13? 

35. Three men. A, B and C, build 318 rods of 
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wall : A %t^Ids 7 tofin, B 6 rocbs, aed C 5 rods a day?; 
B works tw^iee as many days 9» A> and C works ^ i^ 
many days as both A and B. How many days does 
each wqrk ? 

36. A fiarmer has his sheep in feur pastures : in the 
first, ^ of bis flock ; in the second, i', in the third, |; 
and in the fourth; 18 sheep. How many sheep has 
ite? 

^37. If a man fills a certain xhest with corn, at:55. 
a bushel, he will spend eU his m(»ey.; but if he fills 
it with oats, at 3^. 6e2. a bushel, he will have £1 4s. 
left. How many bushels does the chest hold? 

38. Three merchants, A, B and C, engage in a 
' speculation, by which they gain $960. A put in $3 
as often as B $7, afid C $5. What is each man's 
share of the gain ? 

* 39. Says John to William, " I have three times 
as many marbles as you.'* " Yes," says William ; 
^^ but if you will give me 20, 1 sbdl have 7 times as 
many as you.'' How many has each ? 
' 40. A woman ^Us ^gs at 5 cents a dozen more 
than apples ; and 8 dozen of eggs are worth as much 
as 13f dozen of her apples. What is the price of 

*41. TFwo travellers found some five-dollar bills in 
the road, of which A secured twice as many as B ; 
but had B secured 5 more of the bills, he would have 
had 3'tfmes'as much money as A.. How much did 
each fin*? 

42. A man's nge, when he was married, was to that 
of his wife as 6 to 5 ; and after tihey fiad been ma^ 
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ried d years, her age was to his as 7 to 8. What 
were their ages when they were married ? 

43. A gentleman gave $44 more for bis chaise than 
for his horse. Now, if f of the price of the horse be 
subtracted from the price of the chaise, the remainder 
will be the sanae as if f of the excess of the price of 
the horse above $84 be subtracted from the price of 
the horse. What did he give for the horse ? 

44. A hare is 50 leaps before a hound, and takes 4 
leaps to the hound'^ 3 ; but 2 of the hound's leaps 
are equal to 3 of the hare's. How many leaps must 
the hound take to catch the hare? 

45. A man and his wife usually drank a cask of 
beer in 12 days ; but when the man was from home^ 
it lasted his wife 30 days. How many days would it 
last the man alone ? 

Let X denote the number of days it would last the 
man alone. Now; as the cask would last the man 
and woman together 12 days, in one day the two 
would drink ^V of it- Also, as it would last the woman 
30 days, in one day she would drink ^ of it ; and 
■j^' — ^ expresses the proportion of the cask which 
the man drank in a day. But if he drank the whole 

of it in 0? days, in one day he drank — .part of it. 

; Therefore, ;^-^^ = -^. 

."^^ 46. A and B together can^build a piece of wall in 
8 days ; and, with the assista i^e of C, they can build 
it in 5 days, In how man^days could C build it 
alone ? ( 
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» 

* 47. A cis^ra has two oock«, o^e of whidi wiR 
empty it in 7 hours, the qtlier in 9 hoiys^ How long 
will it take both tOs, empty it ? / 

Let X denple; the number of hours requised to etuplj 
the cistern. 

The two cocks will discfaaiige 4 + i of the water 
in an hour. Also, ifj they will empty the cistern in x 

hours, in one hour they will discharge -- part of the 
water. 

Therefore, ~ + y 2=:-. 

48. If a reservoir can be exhausted by one engine 
in 7 hours, by another in 8 hours, aind by.a third in 9 
hours, in what time will it be exhausted, if they are 
all worked together? 

* 49. A reservoir can be filled by two hose compa- 
nies in 12 hours, and by oiE^e of them alone in 20 
hours. In what time could the other fill it? 

50. In an orchard of fruit-trees, ^ of them bear ap- 
ples, i of them pears, i of them peaches, 7 trees bear 
cherries, 3 plums, and 2 quinces* How many trees 
are there in the orchard ? , 

Gl. A boy^ being ask^ijl his age, answered, that if ^ 
and i of his age. and 20i years more were added, to 
his age, the sum would b(^ three titties his age. How 
old was he ? / 

* 52. A father is 40 year* old, and his son is 8. In 
how many years will thk fathev's age^;be 3 tima^ the 
son's ? '■•-,. .f . 

53. Two traye)IerjS[,^^ a»4^r fiind a pur«e witj^ dol- 
Jars in it A takes ou^ f^2 and | of «^hat renaain^ ; 
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and B takes out i$Z IwSA ^.of what remaiha ; whei» 
they have equal shares. How much money cKd they* 
find? '^ 

^6i* I^beve is a certain nomber cdnslsting of two 
digits or figures, and their sum is 6. If 18 be added 
to the number, the sum will consist of the same digits 
inverted. What is the number ? 

Since the number consists of two 'digits, the first 
must be in the place of tens. Let this be denoted by 
r. Then, since their sum is 6, the other digit must 
be 6 -^ a? ; and the number is 10 a? + 6 — 02. Now, 
if 18 be added to the number, the digits will be in- 
verted. 

Therefore, 10 a: + 6 — a? + 18 = 10 (6 — a?) + j:, 

or 10 a? + 6 — a? + 18 = 60 — 10 a? + a?. 

10 a? — a? + 10 a? — a: = 60 — 6 — 18 ; 

18 a? r:^ 36. 

The number is 24 ; and 24 + 18 = 4i. 

55. Required the number, from which if 27 be sub- 
tracted, the digits of which it is composed^will be in- 
verted ; the sum of the digits being 9. 

56. A grocer bought a quantity of oafs ai the rate 
of 2 bushels for a dollar, and as many more at the 
rate of 3 bushels for a dollar; and he sold .them 5 
bushels for 3 dollars, by which he gained $ 10. How 

'any bushels did he sell ? 

Let x Jtz the bMbds^ of- each sort 



\ 



^j 
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Then -^ =s the cost of the first piirohade^ 

and — = the cost of the second purchase. 

T + T + 10 ,= the whole cost and profits. 

As he sold 5 bushels for $3, he sold each bushel 
for $f ; and, of course, he received for 2 x bushels, 

that is, for x bushels of each sort, $ y . 

Therefore, i? = | + ^ + 10. 

Ans. 54t^ bushels. 

57; Two clerks, A and B, have the same income. 
A saves i of his ; but B, by spending $80 a year 
more than A, at the end of 4 years finds himself $220 
in debt. What was their income ? 

58. After spending ^ of my money, and ^ of the 
remainder, I had $96 left. How much had I at first ? 

59. A traveller spent i of his money in Boston ; | 
of the remainder in Providence ; | of what was left 
in New York; f of tl|e balance in Philadelphia, and 
had $80 left. How much had he at first .'^ 

60. Divide 26 into three such parts, that, if the first 
be muItipUed by 2,. the second by 3, and the third by 
4, the products shall all be equal. 

61. Divide 56 into two such parts, that, the larger 
being divided by 7, and the smaller by 3, the sum of 
their quotients may be 10. 

62. A cistern has three cocks ; the first will filH it 
in 5 hours, the second in 10 hours, and the third v^\ 
empty it in 8 hours. In what time will the cistern b] 
filled, if all the cocks are running together ? i- 



) 
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^ 63. A school-boy, being asked his age, replied, that 
} of his age multiplied by -^V of his age, would give a 
product equal to his age. How old was he ? 

64. A person has a lease^for 99 years ; and, being 
asked how much of it had expired, he replied, that $ 
of the time past lyas equal to ^ of the time to come. 
How many years bad the lease run ? s 

65. What number is there which may be divided 
into either two or three equal parts, and the'continaed 
product of those parts shall be equal ? 

66. A shepherd, driving a flock of sheep in time of 
war, meets with a conipany of soldiers, who plunder 
him of half his flock and half a sheep over ; and a 
second, third and fourth company treat him in the 
same manner, each taking half the flock lefl by the 
last and half a sheep over, when but 8 sheep remain- 
ed. How many sheep had he at first ? 

67. A gentleman has two horses, and a chaise worlh 
$ 1 50. Now, if the. first horse be harnessed, the hone 
and chaise together will be worth twice as much as 
the second horse ; but if the second horse be har- 
nessed, they will be worth three times as much as 
the first horse. What is the value of each horse ? 

* 68. Divide 54 into two such parts, that, if tlie 
greater be divided by 9, and the less by 6, the sum 
of the quotients shall be 7. 

69. A farmer sells a quantity of corn, whieh is to 
the quantity lefl as 4 to 5. After using 15 bushels, 
he finds he has i as much lefl as he sold. How man^ 
bushels had he at first? 

70. Divide 84 into two such numbers, that the quo- 

i 
\ 
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tient of the greater^ divided by their difference, may 
be four. 

''*'71. A laborer agreed to work for a gentleman a 

-year,, for $72 and a suit of clothes; but at the end 

of 7 months, he was dismissed, havmg received his 

clothes and $32. What was the value of the clothes ^ 

72. A laborer reaps 35 acres of wheat and rye 
For every acre of rye he receives 5 shillings ; and 
what he receives for an acre of wheat, if it were 1 
shilling more, would be to what he receives for an acre 
of r^e as 7 to 3. For the whole he receives £13. 
How many acres are ther^ of each sort ? 

* 73. A njan and his wife consumed a sack of meal 
in 15 days. After living together 6 days, the woman 
alone consumed the remainder in 30 days. How long 
would the sack last either of them alone ? 

'74. A company of men, women and children con- 
sists of 75 persons. The number of the men exceeds 
that of the women by 5, and there are 13 more chil- 
dren than adults. Required the number of men, 
women and children. 

75. Three adventurers, A, B and C, bought 10170 
acres of wild land. By the terms of the contract, B 

, had 549 acres less than A, and C had 987 acres more 
than B. How many acres had each f 

76. A man, being asked how much money he had, 
replied, " If you multiply my money by 4, add 60 to 
the product, divide the sum thus obtained by 3, and 
then subtract 45 from the quotient, the remainder \ 
will be the number of dollars I^have." How much ^ 
money had he ? 
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SECTION VI. 

t 

Two IJriknown Quantities. 
' Elimination by Comparison. 

1. A fruiterer sold to one person 6 lemons and 3 
oranges for 42 cents ; and to another, 3 lemons and 8 
oranges for 60 cents. What was the price of each ? 

This question can be solved,^ without difficulty, by 
means of only one unknown quantity : the solution 
will be more simple, however, if two unknown quan- 
tities are used. When the conditions of a question are 
such as require two or more unknown quantities, our 
first object is to obtain an equation involving but one 
unknown quantity. This process is called EHmina" 
tion. There are several methods of elimination, with 
which the learner should become familiar, as he may 
often find it convenient to use them all in the same 

operation. 

Let X = the price of a lemon, 

and y = the price of an orange. 

A. Then 6 a; -|- 3 y = 42, by the first sale. , 

B. 6 a? = 42 — 3 y, by transposition. 

c. a? = — r-^, by division. 

n Again, S a? + 8 y = 60, by the second sale. 
E. 3 a? = 60 — 8 y, by transposition. 

p. 05 = "7 ^ > "^y division. 

3 

Now, as things, which are equal to the same thing, 
are equal to each other ^ we can form U- new equation 
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from the value of a?/ as detennmed in equations c 
and Tf which will contain but one unknown quantity. 

.42— 3y 60— 8y 

H. 186 — 9 y = 360 7- 48 y, by multiplication. 

u 48y — 9y = 360 — 126,. by transposition. 

J. 39 y = 234} by uniting terms. 

K. y = 69 the price of an orange. 

By substituting this value of y in equation c, we 
have 

_ 4a— (3X6) _ 4a— 18 _ 
* "^ 6 ""^ 6 ' 

or a? = .^ = 4, the price of a lemon. 

When a question involves two unknown quantities, 
i& conditions must admit of two equations, or it can- 
not be solved. By this method of elimination, we 
Jind the value of one of the unknown quantities in 
eadi of the equations^ and make the expressions of its 
vidue, thus founds equal to each other. An equation is 
thus obtained, involving but one uriknown quantity. 

*2. A gentleman has two silver cup», and a cover 
adapted to each, which is worth £10. If the cover 
be put upon the first cup, its value will be twice that 
of the second ; but if it be put upon the second, its 
value will b^ three times that of the first. What is 
the Vdlne of each cup } 

Let X = the value of the first cup, 
and y .= the value of the second cup. 
Then 2 y = a? + 10, by the question. 
*+io ' 



Again, y -f> 10 = 3 x, by the question, 
y = 3 a?— 10. 

And 3 X — 10 = ^ - , by comparing values of y. 

Ans. First cup, £6 ; second, £8. 

'''^3. There are two numbers whose sum is 120; 
and if 4 times the less'be subtracted from 5 times the 
greater, the remainder will be 150. Required the 
numbers. 

4. If the greater be added to half the less of two 
numbers, the sum is 48 ; but if the less be added to 
half the greater, the sum is 42. What ate the num- 
bers ? - 

5. A vintner has two sorts of wine, which, if mixed 
in equal parts, will be worth 15 shillings a gallon ; but 
if 2 gallons of the first be mixed with 3 gallons of 
^the second, a gallon of the mixture will be worth only 
14 shillings. " What is each sort worth per gallon ? 

6. If we add 7 to the numerator of a fraction, its 
value becomes 2; if we add 7 to its denominator, it 
becomes i. What is the fraction ? 

7. It is required to find two numbers, such that ^ 
of the first and i of the second shall be 87, and i 
of the first and i of the second shall be 55. 

8. Says A to B, " 6 years ago, your age was double 
mine ; and, in 4 years, my age will be | of yours." 
What is the age of each ? 

9. There is a number consisting of two figures ; 
and, if the number be divided by the sum of the fig- 
ures, the quotient is 4 ; but if the figures be inverted, . 

13* 
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and the number ditdded by 1 more than their 9oak, (to 
quotient will be 6. What is the number ? 

Lei 0? s the first figure, 

and y == thef second figure. 

Then 10 0? + y = the number. 

As the firit figure is in the place of iens^ it must be 
multiplied by lOj to express its local Value. 

by the conditions of the question. 




10. A farmer sold to one man 10 bushels of corn 
and 12 bushels of potatoes for 54 shillings; and to 
another, 2 bushels of corn and 4 bushels of potatoes 
for 14 shillings. What was the price of each per 
bushel? 

H. A gentleman gsive to his two sons, A and B, 
9800 dollars. At the end of a year, A finds that he 
has spent i of his share ; but B, haying spent only i 
of his, has jtist as much left as his brother. What 
was the share of each ? 

12. Says A to B, " Give me 6 dollars, and I shall 
have 4 times as much as yoii.^' " Rather give me 3 
dollars," says B, ^^ and I shall have just as much as 
you.'' How many dollars has each ? 

* 13. If I take 10 apples from A, he will still have 
twice as many as B ; but if I give them to B, they 
win each have the same number. How many have . 
Aey? ' * 

14. If you multiply the greater of two numbers by 
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S and the less by 3, the sum of theur. products is 101. 
And if you divide the greater by 4 and the less by 5, 
the sum of their quotients is 10. Required the num- 
bers. 



Elimination bt Substitution. 

15. A draper sold a yard of broadcloth and 3 yards 
of velvet for 25 dollars ; and afterwards he sold 4 
yards of broadcloth and 5 jrards of velvet for 65 
dollars. ^ What was the price of each per yard ? ' 

Let X =.. the price of the broadcloth^ * 

and y =: the price of the. velvet. 

A. Then a; + 3 y = 25, by the first sale, 

B. and 4 0? -f- 5 y == 65, by the second sale. 

c. 4 07 = 65 — 5 y» by transposition. 

D. a? = — ^T~^> by division. 

Now, if we substitute the value kA xtox x itself in 
equation a, we shall obtain a new equation witn out 
one unknown quantity. 

E. 5^ + 3 y = 25 

65— 5y + 12y/= 100 

7 y = 100 — 65 = 35 

y = 5, the price of the velvet 

I>. ^ == 55^ = ^ rs 10, the price of the broadcloth. 
£itter of the unknown quantities may be thus made 
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to disappear ; but ii will be found convenient to efimi* 
nate that quantity which is the least involved. 

16. A builder paid 5 men and 3 boys 42 shilli^s 
for working a day ; he afterwards hired 7 men and 
5 beys a day for 62 shillings. What were the wages 
of each ? 

Let 07 = the wages of a man, 

and y = the wages of a boy. 

Then 5 a? -f- 3 y = 42, paid the first day* 

5 X = 42 — 3 y, by transposition. 

_42--3y 
5. 

Again, 7 a? + 5 y = 61, paid the second day. 

294— 21 V 

— _ — ^ -j- 5 y = 62, by substitution. 

294 — 21 y + 25 y = 310 

4 y = 16 

y = 4«. a boy's wages. 

4B-3y 42-12 ^ , 

X •=. — - — = — - — z= 6«. a man's wages. 

Let the following questions be solved in the same 
manner, namely : Find the value of either of the un-- 
knovm qiiantities in one of the eqtiationsj as if the other 
were knoum; and use the vaZiie thus found^ instead of 
the quantity itself in the other equation. This method 
of making one of theamknown quantities disappear, 
is called eliminatioi^ by substitiition. 

17. Says A to B, <' Give me $8, and I shall have 
twice as much money as you will have left ; but if 
I give you 06, my money will be equal to but j- of 
yours." How much has each i 

18. A gentleman has two horses, and a chaise worth 
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$960. If the first be harnessed, the hone and chaise 
wiil be worth twice as much as the second hone ; but 
if the second be harnessed, they will be worth three 
times as much as the first horse. What is the value 
of each horse ? 

19. A merchant bought two lots of flour, for 
$576; the first lot for $5, and the Isecond for $6, 
per barrel. He then sold f of the first lot and f of 
the second for $353, by which he gained $11. How 
many barrels were there in each lot ? 

20. What Auction is that, whose numerator being 
doubled, and denominator increased by 7, the value 
becomes ^ i but the denominator being doubled, and 
the numerator increase'd by 7, the value becomes 1 ? 

21. A teacher, being asked the dimensions of his 
school-room, answered, that if it were 5 feet broad.er 
and 3 feet longer, the floor would contain 422 feet 
more ; but if it were 3 feet broader and 5 feet longer, 
the floor would contain 400 .feet more. What were 
the dimensions of the room ? ^ 

Let X = the length of the room, 
and y = the breadth. 
Now, to find th^ area, we must multiply the length 
by the breadth. Consequently, a? y = the are^ of 
the floor. 

Then (a? + 5) X (y + 3) i= a? y + 400, 
and (a? + 3) X (y + 5) = a? y + 422. 

22. If 6 feet were added to each side of a, hall, the 
breadth would be to the length as 6 to 7 ; but if 6 feet 
were taken from each of the sides, they would be to 
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each other as 4 to 5. Required the dimensions of 
the hall. U • ^^* 

23. A farmer has 86 bushels of wheat at 4s. 6d. a 
bushel, with which he wishes. to mk rye at 35. GcT. a 
bushel, and barley jat 3^. a bushel, so as to make 136 
bushels, that shall be worth 45. a bushel. How much 
rye and barley must he take ? 

24. A merchant put 13 crates and 33 bales of goods 
into a warehouse, which was all that it would hold. 
After he had removed 5 crates and 9 bales, he found 
that the house was two thirds full. How many crates 
or bales would it take to fill it ? 

25. If you multiply the greater of two numbers by 
3 and the less by 4, the difference of their products 
is 48 ; but if you divide the greater by 4 and the less 
by 3, the sum of their quotients will be 14. What 
are the numbers ? 

26. A gentleman, having a quantity of gold .and 
silver coins, finds that 24 pieces of gold and 40 pieces 
of silver, will pay ascertain debt ; of which 5 pieces 
of gold and 15 pieces of silver, will pay i part. How 
many pieces of gold, and how many of silver, will pay 
the whole debt ? 

27. In an election, the two' candidates received 
1384 votes ; but if the successful candidate had re- 
ceived but half his number of votes, and three times 
as maiiy as he received had been given for the other, 
the whole number of votes would have been 2102. 
How many votes were given for each ? 

08. The length of a certain* garden, which contains 
128 square rods, ill twice as great as its width ; and 
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if the garden were 4 rods longer^ it would contain an 
acre. Required its length and width. 



Elimination by Addition and Subtraction. 

29. A man bought 3 bushels of wheat and 5 bush- 
eU of rye for 38 shillings ; he afterwards bought 6 
bushels of wheat and 3 bushels of rye for 48 shil- 
lings. What did he give a bushel for each ? 

Let X = the price of a bushel of wheat, 

and y = the price of a bushel of rye. 

A. Then 3 a? + 5 y = 38, by the first purchase, 

B. and 6 a? + 3 y = 48, by the second purchase. 

If we multiply all the terms of equation a by 2, 
[See Sec. I. of this Chap.] we shall have 

c. 6x + 10 y = 16. 

Now, if we subtract equation b from equation c, 
the remainder will be a new equation, containing only 
one unknown quantity, whose value may be found' as 
before. Thus, 

c. 6 0? + 10 y = 76 
b. 6 0? + 3 y = 48 

D. * 7 y = 28, by subtraction. 

y = 4, the price of the rye. 

By substituting this valu^ of y, in either of the 
above equations, we shall obtain the value of x. 
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A. 3 a? + (5 X 4) =38 

3 a? = 38 — 20 = 18 

a? = 6, the price of the wheat. 

The student will now understand why equation a 
is multiplied by 2. Having determined to eliminate 
X, I wish to make the coefficients of the terms con- 
taining 07, in the equations a andB, equal, that they 
might cancel each other when subtracted. It mat- 
ters not which of the unknown quantities is elimi-. 
nated in this way. 

30. A boy bought 7 oranges and 5 lemons for 55 
cents; and afterwards let one of his. companions have 
4 oranges and 3 lemons for 32 cents, which was their 
cost. What was the price of each i 

Let X = the price of an orange, 
and y = the price of a lemon. 

A. Then 7 a; + 5 y = 55,.^ by the conditions of the 
B. and 4 a? + 3 y = 32, ) question. 

We will first eliminate y. As we cannot multiply 
either equation by any number, which will make the 
coefficients of the terms containing y alike, we must 
multiply both equations by such numbers as will pro- 
duce this result. 

c. 21 a? -}- 15 y = 165, by multiplying equation a, by 3. 
]>. 20a7-|-15y = 160, by multiplying equation b by 5. 
X * = 5, by subtraction. 

B. (4x5)+3y= 32, by substitution. 

3y=:32 — 20 = 12; andy = 4. 

Ans. Oranges, 5 ; lemonr, 4 cents. 



31. Ageii«iemaft^iflli'ibr6L)»irofboot8aiid8pair 
of sboes ^68^; he aUtenmydd paid for 3 pair of booti 
and 7 pair of shoes ^33* JIow much w«re the boots 
and shoes a pair ? 

Let a; =:: the price of the boots, 
and y = the price of the shoes. 
A. Then 6 a? + 8 y = 62, ^ by the conditions of the 
B. and 3x +1 y^ 32,S question. 

c. 3 a? + 4 y = 26, by dividing equation a by 2. 

E. * 3y= 6, by subtracting equation c 
from B. 
y = 2, the price of a pair of shoes. 
c. 3 a? + (4 X 2) = 26, by substitution. 

3a?=26 — 8 = 18, 
and a? = 6, the price of a pair of boots. 

The equation a is divided by 2, to make the coeffi- 
cient of a?, the quantity to be eliminated, equal to the 
coefficient of the same quantity in equation b. 

32. If twice A's money be subtracted from 3 times 
B's, the remainder is $38 ; but if twice B's money 
be subtracted from 3 times A's, the remainder is $83. 
How much has eaph ? 

Let X = A's money, 
and y =: B's money. 
A« Then 3 y — 2 a; = 38, ) by the conditions of the 
B. and 3a? — 2y = 83, ) question. 

If we multiply equation a by 3, and equation b 
by 2, the coefficients of the terms containing x will 
be alike. 

14 
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' G. 9 y -— 6 o; St: 1 14» byjnoltiplyisg equation a by 0^ 
D. — 4y + 6 a[^=:166j by multiplyuig equation b by 2^ 

5 y * = 280, by addition, 

andy= 56, B's money. 

B. 3 a? — ( 2 X 56) = 83, by substitution. 

3 X = 83 + 112.= 195, 

and X =z 65, A's money. 

As the terms of the equations c and d, containing 
X, have unlike signs, they are cancelled by addition. 

From these operations may be derived the follow- 
iag &yLE for removing, one of the unknown quan^ 
titles : 

Having determined which of the unknown quanti- 
ties you vnll eliminate^ maJce the coefficients of the 
terms, containing that quantity, the same in both equa- 
tions, either by multiplication or division. 

If the signs of these terms are unlike, add both equa- 
tions together : if they are alike, subtract the smaller 
from the larger equation. 

When the student does not readily find a proper 
multiplier, he can multiply each equation by the co- 
efficient of that term, in the other, which contains 
the unknown quantity to he removed. 

33. Says A to B, " ^ of the difference of our money 
is equal to yours ; and, if you give me $2, 1 shall 
have 5 times as much as you." How much has 
each? 

34. There is a certain number consisting of two 
figures ; and if 2 be added to the sum of its digits, 
tlie amount will be 3 times the first digit; and if 18 
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he added to the nundber, the digits will be inverted* 
What is the number f 

35. A man iias money in dwo drawen, and ^25 in 
his purse. Now, if he put his purse into the first 
drawer, it will contain f as much as the second ; but 
if he put his purse into the second drawer, the sum 
in the first will be to the sum in the second as 5 to 
13. How much is there in each drawer ? 

36. Two clerks, A and B, send ventures, by which 
A gained $20, and B lost $50, when the former had 
twice as much as the latter; but had B gained $20, 
and A lost $50, then B would have had 4 times as 
much as A. What sum was sent by each.'^ 

37. A farmer, having mixed a certain quantity of 
barley and oats, found that, if he had mixed 6 bushels 
more of each, he would have put into the mixture 7 
bushels of barley for evefy 6 of oats ; but if he had 
mixed 6 bushels less of each, he would have put in 6 
bushels of barley for every 5 of oats. How many 
bushels did he mix ? 

38. A person has a gold watch and a silver one, 
and a chain for both worth $8. Now, the silver watch 
and chain are together worth half as much as the 
gold watch ; but when the diain is on the gold watch, 
they are together worth 3 times as much as the silver 
watch. What is the value of each,.^ , 

39f. If a certain volume contained 12 more pages, 
with 3 lines more upon a page, the number of lines 
would be increased 744 ; but if it contained 8 pages 
less, and the lines on a page were not so many by 4, 
ihe whole ouniber of lines would be dimini^bed SSO, 



4i^^ms^ ^08 4tte there b ifte book? and bow 
many lines on a page ? 

4^. i¥wo^eigbb«)% Aiftnd B, poewss S62 acres of 
tttnd If A^s fium were 4 times, and B^s 3 tines, as 
'Iftrge^fifi ^(di of them is, theyifoold iiotb together 
have 19M a^k^s. 'Hdw many acres has each ? 

41 < Tvrd meli 6we mote money than they can pay» 
Says A to B, ** Giire me J of your property, and I 
^hall be able ■ to pay my debts." "If yon will give 
me i^f yottrsi" replies B, " I shall be able to pay 
ihy own.^' ^he amount of A's debts is $ldOO, and 
<6f IPS) $9IQ&. How much {»*operty has each in his 
possession? 

'42. A trider l)OUgbt at aucticoi two pipes contain* 
11^ wine. For '0ne he gave '8s. a gallon; for the 
otber^ tOs. 6e{. ; aivd the whole caanp to 1$ 160. Hav- 
ing told aS'g^lk^tti from tfie first pipe, and 16^1ons 
ftdni %he second, he mixed the r^nainder together, 
Hfld added 15f <gidkynsof water. Aiftetwaids, 5f gal- 
lons of the mixture leaked out; and die remainder 
'was worth 8^. a gallon. How many i^}<his did c^ch 
ipfpe* contain? 

48. :A man had 82 gallon? of wine, in two barreb. 
i:WHdiiiig»to have an «qud quantity in each, he poured 
out xd the first into the second a» much as it already 
contained ; again, lie poured out of the second into 
tl^^firstas miichms it then contained; and, finally, 
he |)'(Mired out of the first into the aeeond as much as 
stiH Temained in it. Eac^ barrel then contained the 
same ^qpiaathy. How/nMniy galbns did they oonlam 
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' SECTION Vll. 

Three or more UnTcnown Quantities. 

1. Three boys, A, B and C, bought fruit at the same 
time. A bought 4 oranges, 7 peaches and 5 pears, 
for 51 cents ; B bought 6 oranges, 8 peaches and 10 
pears, for 74 cents.; and C bought 9 oranges, 3 
peaches and 2 pears, for 58 cents. What was the 
price of each ? 

Let X = the price of an orange, 

y = the price of a peach, 
and z = the price of a pear. 
A. Then 4 a? + 7 y + 5 ;? = 51, by A's purchase. 
B. 6 0? + 8 y + 10 z = 74, by B's, 
c. 9a: + 3y + 2z = 58,byC's. 

These unknown quantities must be made to disap- 
pear, *one at a time. Either method of elimination, 
explained in the last section, may be used. We musty 
in the first place, deduce, from these three equations, 
two others, which shall contain but two uniknoion quan- 
tities each. 

If we multiply equation a by 2, the coefficient of 
z win be the same as it is in equation b. 

D. 8 a? + 14 y + 10 jr =:= 102 
B. 6 a? + 8 y + 10 5? = 74 

E. 2 0? + 6 y * = 28, by subtraction. 

1*. « + 3y =E 14/by division. 
14* 
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Again, if we ipultiply c by 5, the coefSciente of s 
in B and c, will be alike. 

G. 45 « + 15 y + 10 ;r = 290 

B. 6 a: + 8 y + 10 z = 74 

H. 39 « + 7 y * =2 216, by sabtraction. 

We have now two equations, namely, f and H, 
which contain only two unknown quantities. 

F. 0? + 3 y = 14, 
I. and a? = 14 — 3 y, by transposition. 

If we substitute this value of na in equation h, we 
shall have 

K. 39 (14 — 3 y) + 7 y = 216. 

546 — 117 y + 7 y = 216, by multiplication. 

546, — 216 = 117 y — 7 y, by transposition. 

330 == 110 y, by redueti<Mi of terms. 

L. y = 3, by division.' * 

If we substitute this value of y in equation f, we 
shall have 

a? + (3 X 3) = 14. 
M. a; = 14 — 9 = 5, by transposition. 

And if we substitute the values of a; and y, as de- 
t^rnlined in l and m, in any of the preceding equations 
containing z^ we shall obtain the value of that quan- 
tity. Take equation c, for instance. 

c. 9 X 5 + 3 X 3 + 2 2r = 58, 

or 45 + 9 + 2 « = 58. 
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8<jzr :2 SB '^ 4S — • 9 ^ 4, bj tmndpontion, 
and r = 2. 

Ans. An orange, 5 cents ; 
A peach, 3 cents ; 
A pear, 2 cents. 

2. A fruiterer sold to A 5 oranges, 6 peaches and^ 
*l pears, for 75 cents ; to B 8 oranges, 9 peaches and 
5 apples, for 94 cents ; to C 2 oranges, 8 pears and 
10 apples, for 56 cents ; and to D 3 peaches, 6 pears 
and 9 apples, for 48 cents. What was the price of 
each ? 

To solve this question, we must use four unknown 
quantities ; but their valued may be found according 
to the principles already explained. It will be ob- 
served, that all the unknown quantities do not enter 
into each of the equations. 

Let i; == the price of an orange, 

X = the price of a peach, 

y z=z the price of a pear, 

and z = the price of an apple. 

A. Then 5 i? + 6 a? + 7 y = 75, by A*d purchase, 

B. 8 t? + 9 X + 6 2? = 94, by Fs, 

c. 2 V + 8 y + 10 2? = 56, by C*8, 

D. 8 « + 6 y + 9 2r = 48, by D's. 

c. 2 « + 8 y -f 10 2: = 56, 

or 2 ». = 56 — 8 y-^ 10 z, by transposition, 

E. and i^'sr 28 — 4 y — 5 «, by division. 

By sttbsUttttilkg this value of t/iti equations a and 
B^ we have 
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5 (38 — 4y— 5 z) +6a? -f 7y = 7S, from equation A. 
140 — 20y — 25«-f*6af +7 y = 75, by multiplication. 

F. 6a>— 1%— *a5flf= — 65,by transposition and addition. 
And 8(28 — 4 y — 5 z)+9 a?-|-5 z=9i, from equation b. 
224 — 32 y — 40 z+9 x + 5z= 94, by multiplioation. 

G. 9x—-32y — 35z=i — 130, by transposition & addition. 

We have now three equations, namely, d, f and 
G, containing but three unknown quantities, a?, y and 2r. 

If we multiply, equation p by 2, the coefficients of 
X, in D and f, will be made equal. 

H. 6 a? + 12 y + 18 z = 96 
p. 6 a? — 13 y — 25 z =1 — 65 

1. * 25 y + 43 z = 161, by subtraction. 

Again, if we multiply equation d by 3, the coeffi- 
cients of x^ in D and g, will be the same. 

K. 9a? + 18y + 27z=: 144 
G. 9 a? — 32y — 85i = — 130 

L. * 50 y + 62 z = 274, by subtraction. 

The two equations, i and l, contain but two un- 
known quantities, which may be eliminated in the 
usual manner. 

If we multiply equation i by 3, we shall have. 

M. 50y-f 86z = 322 
L. 50y + 62z = 274 

* 34 z = 48, by subtraction, 

and z =:: 2) the ptice of an apple. 

By putting this value of x in equation l, we bate 



L* 60 y + 184x3 874, 

or 80 y £= 874 — 184 = 150, 

and y s= 3, the prtoe of m pear. 

By substituting the values of y and z in equation 
D, we obtain 

D. 3 a? + 18 + 18 = 48, 
. or 3 a? = 48 — 36 = 18, 
and 0? = 4, the price of a peach. 

And/by putting the values of x and y in equation 
*A, we have 

5 V + 84 + 21 = 75, 

or 5 V = 75 — 45 = 30, 

and V = 6, the price of an orange. 

When the value of one of tfa^ unknown quantities 
is determined, it may be substituted for that quantity 
in either of the equations. Any or all of the differ-r 
ent methods of elimination may be used; and it mat- 
ters not in what order the equations are compared 
together. 

3. A miller sold to one man 18 bushels of wheat, 
10 of rye and 16 of barley, for £9 8^. ; to another, 
7 busheb of wheat, 80 of rye and 10 of barley, for 
£8 19». ; and to a third, 15 bushels of wheat, 8 of 
rye and 80 of barley, for £10 bs. What was the 
price of each per bushel ? 

4. Divide 185 into four such parts, that, if the first 
be increased by 4, the second diminished by 4, the 
third mtdtiplted by 4, and the fourth divided by 4, the 
sum, deference, product and quotient shall all be 
«qiuil. 
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5. Find 3 audi numbers, that the first with i of die 
other two, the second with i of the other two, and 
the third with ^ of the other two, shall each be equal 
to 34. 

6. If A and B can perform a piece of work in 8 
•days, A and C ip 9 days, and B and C in 10 days, 
in how many days can each alone perform the same 
jnrork ? 

7. Says A to B and C, " If each of you will give 
me 10 cents, my money will be, to what you will both 
have left, as 4 to 5." Says B to A and C, « If each 
of you will give me 10 cents, my money will be, to 
what you will then have, as 5 to 4." Says C to A 
and B, ^' If you will give me 10. cents each, I shall 
Jiave twice as much money as both of you." itow 
many cents has each ? 

8. Three persons divided a sum of money between 
them in such a manner, that the shares of A and B 
together amounted to $900; the shares of A and C, 
to $800 ; and the shares of B and C, to $700/ Re- 
quired the sum divided, and the share of each. 

9. A man, with his wife and son, talking of their 
ages, said, that his age, added to that of his son, was 
16 years more than that of his wife ; the wife said, 
that her age added to that of her son, made 8 years 
more than that of her husband ; and that all their 
ages together amounted to 88 years. What was the 
age of each? i 

10. There fure two such fractions, that if 3 be added 
to the niuoemtor of the first, its value is double that 
of the JieeoDd ; but if 3 be added to the denominator, 
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their valaes are equal. Now, the sum of the two frac- 
tions is 9 times as great as tlieir difierence; and tf the 
numerator of their product be increased by 10, its 
value will be equal to that of the first fraction. Re- 
quired the fractions. ^ 

11. A grocer has four kinds of tea, marked A. B, 
C and D. When he mixes together 7 pounds of A,' 
o of B and 8 of C, the mixture' is worth $1,21 a 
pound. When he mixes together 3 pounds of A, 10 
of C and 5 of D, the mixture is worth $1,50 a pound. 
At one time he sold 8 pounds of A, 10 of B, 10 of 
C and 7 of D, for $48 ; and, at another time, he sold 
18 pounds of A and 15 of D, for $48. What was 
a pound of each worth ? 

12. There are two fractions having the same de- 
nominator. Now, if 1 be subtracted from the nume- 
rator of the smaller, its value will be i of the larger 
fraction ; but if 4 be subtracted from the numeiator 
of the larger, its, value will be double that of the 
smaller. And if the numerator of the smaller be sub- 
tracted fi»m that of the larger, the value of the frac- 
tion will be i. What are the fractions } 

13. Three travellers. A, B and C, have a bill at a tav- 
ern, which neither of them alone is able to pay. Says 
A to B, " If you will lend me ^ of y>our money, I can 
pay the bill." B says to C, " I will pay it, if you will 
lend me i of your money." ' But C concludes to 
borrow j of A's money, and pay the bill himself, 
which amounts to 6i dollars. How much money has 
each of the travellers ? 
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SECTION VUI. 
/ 

I 

Questions for Practice. 

1. A vintner sold to one man 16 dozen of shenrjr 
wine and 19 do2en of port, for $382 ; and to anotlier 
man, 34 dozen of sherry and 17 dozen of port, for 
0458 ; — the prices being the same to both. Wbat 
was the price of each kind of wine ? 

2. Two sisters having bought some lace, says Mary 
to Ann, " Give me a yard of yours, and I shall have 
as much as you." Ann replied, " If you will give me 
a yard of yours, I shall have twice as much as you." 
How many yards had each ? 

3. Required two such numbers, that, if i of the 
first be added to | of the second, the sum shall be 66 ; 
but if f of the first be added to i of the second, their 
sum shall be 60. 

4. Two persons, A and B, talking of their ages, 
says A to B, " 12 years ago I was twice as old as 
you ; and in 12 years my age will be to yours as 3 to 
2." What is the age of each ? 

5. Three young men, A, B and C, speaking'of their 
money, A says to B and C, " If each of you will give 
me $5, 1 shall have just half as much as both of you 
will have left." B says to A and C, " If each of you 
will give me $5, 1 shall have jnst as much as both of 
you will have left." C says to A and B, ^' If each 
of you' will give me $5, 1 shall have twice as much 
«8 both of you will have left." How much has each'? 

6. If you add 8 to the numerator of a certain firac- 
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tiM, its vtlve becomes i ; but if you add 2 to its de- 
nominatory the fraction will be equa^ to i. What is 
the fifaction? 

7. Three factory girls, A, B and C, weave 62 yards 
crf'^loth in a given time. A weaves 4 times .as many 
yards as C, added to twice the yards woven by B ; 
and twice A's part, added to 3 times B's, is equal to 
17 times C's. How many yards does each weave ? 

8. Find three such numbers, that i of the first, f 
of the second, and ^ of the third, shall be 50 ; f of 
the first, and twice the difierence of the third and 
second, shall be 40 ; and 10 less than ^ of the sum of 
all the numbers shall be^30. 

9. Two men, A and B, are employed to set up 220 
rods of fence. If A work 9 days and B 8, the fence 
will not be completed by 2 rods ; but if A work 8 
days and B 9, they will be able to finish the fence 
and 4 rods more. How many rods can each build in 
a day ? 

10. A farmer employed three laborers, A, B and 
C, to work at different times. At one time, A and - 
B together earned $56 in 8 weeks ; at another time, 
A and C earned $54 in 9 weeks ; and, at another, 
B and C earned $50 in 10 weeks. What did he pay 
each man for a week's work ? 

* 11. If you divide the greater of two numbers by 
the less, the quotient will be 7 ; and the amount of 
the numbers is 1008. B.equired ^^ numbers. 

12. A farmer, to pay a debt to a trader^ agrees to 
fill a certain chest with a mixture of com and oats 
the corn being .5 stulUingt a hushQl, and the^ oajts S 
1& 
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shillings. If he delivers* '7 bushels of oats^ and the 
balance of the debt in corn, the chest will nbt be foil 
by 2 bushels ; but if he delivers 6 bushels of com, 
and then fills the chest with oats, 6 shillings of the 
debt will remain unpaid. What is the amount of the 
debt ? How many bushels does the chest hold ? How 
many bushels of each kind of grain must he deliver ? 

13. A boy bought, at one time, 5 apples, 6 pears 
and 4 peaches, for 44 cents ; at another time, 7 pears, 
5 peaches and 3 oranges, for 56 cents ; at another, 8 
apples, 12 peaches and 5 orange?, for 89 cents ; and 
at another, 10 apples, 3 pears and 9 oranges, for 74 
cents. What did he pay for each kind of fruit ? 

14. Three persons, A, B and C, talking of their 
money, A says to B and C, " Give me ^ of your money, 
and I shall have $85." B says to A and C, « Give 
me i of your money, and I shall have $85." C says 
to A and B, " Give me J of your money, ahd I shall 
have $85." What has each ? 

15. A gentleman gave $4350 for a house-lot, the 
land being valued at $2 a foot. If it had been 6 feet 
wider, it would have cost $5394. What were the 
length and breadth of the lot.? 

16. I have a certain number of cents in each hand; 
If I put 10 out of my left hand into my right, there 
will be twice as many in my right as remain in my 
left ; but if I put 10 out of my right hand into my left, 
there will be three times as many in my' left hiind a« 
remain in my ri^t. How many cents have I in each 
hand? 

17. Thtee boyii) A, B and C^ play, wilh ia^lill^*. 



£4^l|^1»9NS OF THE first 0£GREE. HI 

First, A loses to !B and C as many as each of them 
has. Next, B loses to A and C as many as each of 
them now h^s. Lastly, C loses to A and B as many 
as each of them now has. After all, each of them 
has 16 marbles. How fnany had each at first? 

18. The fore-wheel of a coach makes 5 revolutions 
whjle, the. h^-w^eel is making 4 ; but if the circum- 
ference of each were one yard greater, their revolu- 
tions would be to each other as 6 to 5. What is the 
circumference of each in feet ? 

19. Tiute^ 9p0Ktsmeii, be^e they -separated io the 
•fields, 4igreed to^iake an equal division of. whatever 
gmm they laight^take/ 'During the day, thi^y bagged 
06:bit'd»;.a&d, i^ order to divide them equally, A 
,gAve B- aad <Cvik9 xoany qs they took ; next, B gave A 
and C as knaliy as th^y then bad; and, finally, C 
-sliared in the «ame manner 'with A and B, when they 
all had the same number. How. laany birds were 
taken by each ? 

20. A merchant sent ventures to sea for his three 
childreui A, B and C, .upon the condition that they 
should make an equal division of the proceeds. When 
l^he ship arrived, A gave to B and C a sum equal to i 
of their ventures. In like manner, B gave to A and 
C a sum: equal to ^ of what they then had. And C 
found, if he gave to A and B a sum equal to ^ of what 
they already had, that they would lefich have 64 dol- 
lars. To how much did e^oh pf the vei^tur^^ amount ^ > 
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CHAPTER IX. 

EXERCISES IN GENERALIZATION. 



We have already seen that Algebra enables Bi to 
solve various questions with {acilitjr, and to dbtain 
their true answers in numbers. But this is not its 
only, nor even its highest office. B also enable$ u$ to ' 
deduce general truths from particular instances^ and 
thus to form rules for conductifig muneriad oafeiifaiiont. 
This use of Algebra will be illustrated by a few mis- 
cellaneous examples. 

1. Add together tiie sum and the difference of 
S94andI75. 

Their sum, 294 + 175 ==: 469 

Their difference, 294 — 175 = 119 

Ans. 588. 

To generalize this question^ let a repronNsnt the 
greater quantity, and ft, the less, llien a + b will, 
be their sum, and a — ft, their dilfeiiance ; which we 
are required to add together. 

a + ft 

g — ft 

An9» 2 a. 
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To ^press -the result of this operation in language : 
If wc'ttdd together the mm and the difference of any 
two quantities^ the amount mil be equal to twice the 
greater ^quantity. 

2. Add together the sum and the difference of 90 
and 65, by this formula or rule. 

^* Add togieth^^tbe sum and'the difference of 136^ 
and 97. 

4. Add togetbeor the sum and the difference of 375 
and 129. 

5. Subtract the* difference of 324 and 278 from 
\heir sum. 

Their sum, 324 + 278 = 602 

Their difference, 324 — 278 = ^ 

Ans. 556. 
' Indicating the two ^quantities as before, we must 
subtract a — b from a + i. ^ 

a + b 
a — b 

2i. 

That is, if we subtract the difference of two quanti- 
ties Jrom their sum, the remainder is equal to tvfice the 
smaller quantity, 

6. From the sum 6f 77 and 25 take their difference. 

7. From the sum of 139 and 62 take their differ- 
ence. 

8. From the sum of 827 and 864 take thehr dif- 
ference. 

9. Multiply the sum of 139 and 87 by their dif* 

firei(ce. 

15* 
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Their sum, 139 + 87 = 9S6 

Their difference, 189 — 87= 88 

452 
1180 

Their product, 11758 

If we repr^eiit the two qinuititiefl by the samelet- 
, ters as before, we shall have a + b, their sum, to be 
multiplied by a — b, their difference. 

a + b 
a — b 

a^ + ab 
— ab — l^ 



Their product, a^ * — 6«. 

To express this formula in words : The product of 
the sum of two numbers^ multiplied by their differencej 
is equal to the difference of their second powers. 

10. Multiply 9 + 7 by 9 — 7, according to this 
rule. 

11. Multiply 18 + 8 by 12 — 8, 

12. Multiply 24 + 15 by 24 — 15. 

13. Given 9310 and 9298, and required the differ 
enc^ of their squares. 

The answer to this question can be far more easily 
obtained by means of the above formula, than by ac- 
tually involving each of these numbers, and subtract- 
ing the , second power of the one from the second 
power of the other. For, if we multvply their swn by 
their difference^ the product wiU be the difference of 
fheir second powers. 
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The last queatim is solved by means of the for- 
mula, in the following manner :— 

9810 

OOOQ 



I86O89 the sum of the numbers. 

9310 — J898 == 19, their diffisrencev 

833896, the difference of their sqiiares. 

This principle should be remembered ; as calcula- 
tions of this sort may be very much abridged by an 
application of it, when the given numbers are large. 

14. Given 23136 and 81947, and required the dif- 
ference of their second powers. 

15. Given 15925 and 14987, and required the dif- 
ference of their second powers. 

16. Given 987264 and 978351, and required the 
difference of their secoifd powers. 

17. Given 999999 and 999993, and requiied the 
difference of their second powers. 

18. What is the second power of 28? Ans. 784. 
Let a = 80, and 6 = 8 ; then a +b nzSS. 

a + b 

a* -f- a 6 
+ ab + l^ 

a2+2a6-fi». 

Hence it appears, that ^Ae second power of the nm 
of two quantities m equal to tke sum of their second 
powers J increased iy twice their product. 
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% 19. What is the^^eond power of « — J 7 

\i — b 
a — b 

a^ — ab 

That is, the second power of the difference of two 
<guantities is eqykd to the sum of their second powers, 
dindfUshed by ttvice their product. .: 

do. An artist sold te A and B two pictures for 573 
dollars ; and Ws picture cost 57 dollar^ more than A's. 
What was the price of each ? 

Let X = the price of A's picture. 

Then a? + 57 = the price of B's. 

And a? + ^ + 57 = 573, by the question, 

or2a? + 57 = 573; 

2x =: 573 — 57 = 516, by transposition, 

and X = 258. 

a? + 57 = 315. 

^ -Ans. A's, ^58; B's,.$315. 

In this question, we are required to divide 573 into 
two such parts, that the greater shall exceed the less 
by 57. In other vrordBj-hamng the sum and the differ- 
ence offwo numbers^^ven^'We are rehired to find those 
numbers. 

Let the sum of the numbers be represented by a, 
rind tii^ diflbreace by i/ialfd leta^Kithe.snialler 
mm^r. Then, as &e tdifievonoe of tliBiDuiiibers k 
if we have x + i ss dieiaif«> iliikifaer^ 
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Therefete) « + x + h =z a, 

or 3 « -|» ft =: a, 

tndSx = a — ft; 

« = ^y-, the muSkg number. 



To expiets thw fomiidft in wmd»i Jffjtmn the mm 
0ftwo \Kumkn we fn&lrocl their iS^nmet^ half of the 
temamder witt hetfUid to iht muJUnr mmher. 

Therefore^ £ + ^ ^ ^Y~ 4* &i ^ adding & to eaeh 

r^ I r «— **• «* «— *+«A [member. 

Or a? + 6=: -J- + jss j — ; 

» + J = ii-, the greater number. 



That i&fifiotke itMi of tvfo numbers we add their 
difference^ half of the amcunt tviU be equal to the' 
greater number* 

81. The'amn of two numbers is 175, and their dif- 
ference 81. What are die numbers ? 

Here, « s= 175^ and ft = 81. 
^— = — ^9— =s — = 47, the smaller number. 

8~ ^ — J ^ T ^ ^®' ^ larger number. 

dS. The salaries of two men, A and B, amount to 
$3539 per annum ; and A reeeiYes 0731 more than 
B. What is the salary (rf* each? 

33. A gentleman paid 0387 for a horse and chaise ; 
and the chaise cost 075 more than the horse. What 
was the price of each? 

34. A man left an estate of 09134, to be so divided 
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between his widow and son, that the former should 
receive $1486 more than the latter. What was the 
share of each ? . 

25. A's farm contains 12 acres more than BV; and 
the two far'mi^ together contain 162 acres. Required 
tlie number of acres- in feaeb. . 

26. Says A to B, '' If you will give me 16 dotlars, 
1 shall hav^ as much ttioney as you ; and we both 
have 130 dollars." How much money has each? 

27. A cistern has two cocks, which together will 
discbarge ^^ gallons of water in •an hour, and one 
cock will discharge 13 gallons more than the other. 
How much will each discharge if running alone f 

28. How much tea, at 5*. per pound, must be given 
in barter for 75 gallons of wine at 8*. per gallon ? 

Let a? =; the pounds of tea. 

Then 5 a? = 75 X 8 = 600 ; . 

and X = 120. 

Ans. 120 lbs. 

In general terms. How mubh tea, ^t a per pound, 
must be given in barter for h gallons of wine at c per 

gallon? 

Let X = the pounds of. tea.. 
Then ax = b c. 

To express this formula for Barter in words : Mul- 
tiply the given quantity by its price, and divide the 
product by the price of the quantity required. 

29. How much oil, at 4*. a gallon, must I give in 
barter for 58 barrels of flour at 5 dollars a b^re].^ 
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30. Howjnuch loafosugar, at.SS eeoU a pound, 
must be ^Teu' in barter for 6^ yards of cotton^ at 13 
cents a yard ? 

31. A liian sells 17 acres of land at 30 dollars per 
acre, and is to receive his pay in flour at 5 dollars a 
barrel. How many barrels must he receive ? 

32. How many gallons of wine, at $1,75, must I 
give in exchange for 1295 pounds of shot, at 5 cents 
a pound ? 

33. Two merchants, A and B, engage in a specu- 
lation, and gain $750, of which B is to have 4 times 
as much as A. What is the share of each ? 

Let X = A's share, 
and 4 a; = B's share. 
Then x + 4 x = 750, 

or 5 a? = 750, 

and 0? = 150, A's share. 

4x = 600, B's share. 

In this question, a given sum is to be divided be- 
tween two persons in unequal proportions. It may 
be generalized as follows :— 

Represent the sum to be divided by a. 

Let X = A's share, 

and 4 0? = B's share. 

ThenV-f- 4« = o, . 

or 5 a? ==. a, 

and 0? = ^, A's share. 
. 4.«^ = y , B's share. 
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Now, whateTer man may be represented by a, it is 
evident that A is to leceiTO ^ part of it, and B f of it 

If Oy the sum to be divided, be $1000, y = 200, 

and ^ = 800. 

. If a represent $1500, |- = 300, and ^ = 1200. 

This question may be still farther generalized, if it 
be announced as follows : — 

Two merchants, A and B, engage in a speculation, 
and gain a dollars, of which B is to have b times as 
much as A. What is the share of each ? 

Let X = A'S-part of the gain. 

Then ft a? = B's part. 

And a; + 6 a; = fl, by the question, 

or (1 -{- ft) a? =: a, 

and X = YXi? ^'s part. 
*^ = rh ^ *=rrA>B'spart. 

la the equation x -\- b x = a^ Ae first member, 
X + ft a?, is equal to (1 -|- ^) ^; therefore, (1 + ft) 
may be regarded as the coefficient of x. 

34. By this formula, divide $1200 between two 
men in such a manner, that one shall have 5 times as 
much as the other. 

Here, a = 1200, and ft =: 5. 

Therefore, -^ = i^ = 1??? = 200. 

And:i^=^=^ = 1000. 



V 1 + 4 1 + 6 6 



Ans. 9900; and 01000. 
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tSS. a fiitber mys io fais son, ^* I ^ ft>lir .th|piMfi 
old as you, and the ,aum of wr cipQs js 86 y^aff.*^ 
Required the age of jeach. j ■■, ■ ^ i 

36. Divide 2592 dollars oeiween two men in sueh 
a manner, that one shall have 7 times as much as the 
other. ^1^1 , 1 Z L i 

37. Says A to B, '^ Otir, estates together ^arevwvith 
36sliS5 dollars; fbut my. estate is worth only one fi>nf)b 
part astmucfa as yours.^' What isthe value of j^jach 
estate? 

38. ^A merchant sold a quantity of blue, blaf^k^aiid 
fiiixed >broadcloths, for ^5000 ;*the/hlack at IQIO,^ 
blue at $11, and the mixed at $7 per yard. ISimP 
waelwiee as maoyiyardsof theblaeas ofrtbe)jbla4ll« 
and^as 'many yards of the mixed aa of both the Qtimn. 
^Howmany yairds of each color did he adl i 

Let 4? = the yards ef black, 
2 a? = the yards of blue, 
and 3 0? =: the yards of mixed. ' 
Then lX)x +1i2w + 9la! ^ gOOO, by the questioa» 
or 53 X =:^£Q00. 
Andor =: >HF = «**f ^^ywi^pt M|cL 
2.r;3= leOJI, yards Qf Wine. 
3 0? = ^83^, yards .of mixed. 

All the answers to the above q)aestioa contain $nif> 
..tioiw* I. now wish to ascertain.what i^uqi Jqaust s^k>- 
ttitute for $5000, in order that the answ^jrs may coin* 
list of whole numbers. For this purpose, I. W^t^olire 
ibe question by using a instead of the given sum. 
.If I denote, the yards ;of black by x^ the^yai^s of 
16 / 



M 
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Blue hy 2 Xy and the yards of mixed by 3 x, as above, 
I shall have the following equation: — 

10 a? + 22 a; + 21 r = a, 
or 53 a? = fl, 

and a? = — , 

I 53 s 

Any number, divisible by 53 without a remainder, — 
that is, the product of 53 multiplied by any number 
whatever, — ^may be put in the place of a, and the 
answer will be free from fractions. 

Suppose, for instance, the value of the whole quair- 
lity sold to be 2491 dollars, which is the product of 53 
multiplied by 47w Then he would have sold 47 yards 
of black, 94 yards of blue, and 141 yards of mixed. 

39. In a certain school,^ of the, pupils learn navi- 
gation, i learn geometry, ^ learn algebra, and all the 
rest, a, learn arithmetic. How many pupils are there 

in all? 

Let X = the number of pupils. 

Thena. = f +f + f + «, 

or 60 a? = 15 a? + 12 a? + 10 a? + 60 a; 

60 a? = 37 a? -f- 60 a, by addition ; 

23 a; = 60 a, by. transposition; 

and X = — . 

23 

Instead of a, in the question, use any number that 
can be divided by 23 without a remainder, and the 
^answer will be a whole number. 

Substitute, for instance, 46 in the place of a. 

Ans. 120 pupils. 

The last two examples are intended to exhibit the 



manner in which questions may be prepared, whose 
answers shall be free from fractions. 

^ 40. Three men, A, B and C, trade m company, and 
gain $1350. Now, if A put into the joint stock $7 
as often as^B put in $6, and B put in $0 as often as 
C put in $5, what is each man's share of the gain? 

Let X = A's share. 

Then -j- = B's share, 

and -^ = C's share. 

Therefore, a: + -y + y- = 1350, by the question, 

otl X + 6x + 5 X =2 9450, by multiplicatioD. 

18 d? = 94S0, by adding^ terms, 

and X =r 525. 

Therefore,^ = 450, 

and ^ = 375. 

Ans. a, $525; B, $450; C, $375. 

To generalize this question, we will suppose A put 
in a dollars as often as B put in b dollars ; and that B 
put in b dollars as often as C put in c dollars ; that is, 
we will tise the letters a, J, c, instead of the numbers 
7, 6, 5. Let the amount gained be represented by^ . 

Let X = A's share 4>f the gain. 
Then -^ = B's share, 

and — = C's share. 
Then « + -^ + ^ = g"* by the question. 



a 4f -f ^af + tf * ==i fl^, bf fiittftipBbalioiiy 

or (tf + A + (^ a? = a ^, 
a^f ajt ^ ' - vf ■ , A*a share. 

and -^, or -7 a; = — rf-^ — » C's share. 

That is, To find each manU share of the gaiuj we 
mast multiply the whole gain by his share of the siock, 
and divide the proi/dist by the whole stock. 

If there has been a hssy instead of a gain, each 
itf^iV ^haf^ of the' loss can be ascerttilned in a similar 
TMtm^* TMm is a geiieMd rule ibr FeUowsh^, when 
all 'the stock has bee^ employed the same time. 

11. Divide 8736 doRars among three men in such 
a manner, that tbeir shares shall be to each other as 
the numbers 3„ 4 and 5, respectively. 

42. Two traders, A and B, found that they had 
fdlidkl, at the end of the year, 3792 dollars. A hav- 
ing put $5000 and B $7000 into the joint stock, 
wnat is each man's share of the gain ? 

43. Three merchants, A, B and C, made up a joint 
voyage, by which they lost 2595 dollars. A fornish- 
ed j^BOO of the capital, as often as B furnished $500, 
ind C, $700. What is the loss of each ? 

44f The prdmiiim on a policy of insurance Is $513, 
wUich is to be divided between three underwriters. A 
took 3 shares of the risk, B 7 shares, and C 9 shares. 
What part of the premium belongs to each f 

45. Three merchants, A, B and C, traded m com* 
pany, and gained ^$8840* They severally contributed 
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to the j<Hnt stocky in 'the jNroportion of .5, 6 and 7 ; 
and A's money was used 4 months ; B's, 3 months, 
and C's, 2 months. What part of the gain belongs ' 
to each ? 

Let X = A's share of the stock. 

Then -^ = B's shape/ 

and -~ = C's share. 

Now, as A fumislved x dollars for 4 months, be fisr- 
nished what was equal ip Ax dollars for one month. 

And B's •— dollars for 3 months = -r^ollars for one 

o o 

I 

month : an<i C's -^ dollars for 2 months = -r^ dol- 
lars for one month. ' . 

Therefore, 4 a? = A's share of the gain, 
^Y = B's share, 

and -r- = C's share. 

o 

Then 4 ir + —^ + ^ = 8840, by the question. 

20 0? + 18 a? + 14 a; = 44200, ' 
or 52 a? = 44200, 
and X = 860. 
Then 4 x = 3400, A's share of the gain, 

, i^ = 3060, B's share, 

o 

and ^ = 2380, C's share. 

Let U8 now suppose that the sum gained was t dol- 
lars ; that A put in a dollars ; 6, b dollars ; and C, e 
16* 
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doftars; and ^at A^is liAofi^y 'vv'ss in jLmoiidis; B'«, 
m mbhttii ; and C\ n mohthd. 

Let 07 = A's share of tlie stock. 
iPh^ ^ t5= B's share, » 

and — = 'C'^s share. 

Now, if we multiply each man's stock by its time, 
li 4»^f#if$^ we BhaH h^ve 

K It? r= A's share of the gain, 
— ^ = IPs share, 

and — = Cs Eihare. 

a 

Then hx + -^ + ^^ =^«, by the questioUr 

afix ^'b mx-^cnx = a «, by multiplication, 
or (a A + <* m + c w) a? = a 5, 

and J? r= . . °^ , — . 
Therefore, Aa? = . , ^ *. — , A's share, 

bmx bms n, , 

=^ T7"i — ; — 9 Bs share, 

and -7— = ^ . ^ — ; — , C s share. 

Having Found the value of a?, we obtain the formu- 
las for the shares of A, B and C, by substitution. 
For instance, A's share of the gain being, h Xj we 

multiply the value of a? by A, and obtain ^ ^ . ^ *. — ; 

•^.180 with the others. 
:fienee, to find the share of eifher of the eopart- 
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ners, JIbikipfy the sum to ie imied hy the product of 
hu share of the stock and the time it wcu used^ far a 
dividend. ^ 

Ahdtiply the several shares by their respective timeSy 
and divide the dividend by ihe sum of their products. 

46. Three men, A, B and C, trade^l in company^ 
4Uid gained 2160 dollars. A put in $400 for 5 
months; B, $500 for 2 months; and C, $600 for 4 
months. What is each man's share of the gain } 

47. Three men, A, B and Q^ hired a pasture in 
common, for 82 dollars. A put in 3 horses for 4 
months ; B, 4 horses for 2 months ; apd C^ 7 horse.^ 
for ihl'ee months. How much must each man pay ? 

48. Two merchants, A and B, engaged in a specu- 
lation, by which they gained 2100 dollars. The capi- 
tal employed was $14000,? of which A furnished 
$5000, and B, $9000; but A's money was used a 
year, whereas B's was used only 5 months. Requir- 
ed the gain of each. / 

49. A farmer would mix corn at a shilKngs per 
bushel with oats at b shillings .per bushel, so that a 
bushel of tl^e mixture may be worth c shillings. How 
many bushels of each sort must he take, to make a. 
composition of n bushels ? 

Let^ = the bushels of corn. 
Then n — aj = the bushels of oats. 
Also, ax = the value of the corn, 
bn — i a? = the value of the oals, 
and c n =: the valu^ of the mixture. 
Then ax -^bn — ^ & jp = c n, by the question. 
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ax — 6a? =: en — i», by transpositioQi 

or (a — 85 a? = c n — i n, 

and X = — —-T'i the bushels of corn. 
Also n — a? = n — — rr-' or r-, the oats. 

50. A grocer would mix sugar at lOd. per pound, 
with another sort, worth Id. per pound, so as to inake 
1 cwt. worth 8d. per pound. How many pounds of 
each sort must he take ? 

51. A dealer in oils would furnish 36 gallons at 4 
shillings a gallon ; and he has but two kinds on hand, 
one of which is worth a dollar, and the other, 3 shil- 
lings, a gallon. How many gallons of each miist he 
take. 

52. Two persons, A and B, set out from one place, 
and both go the same road ; but A goes a hours be- 
fore B, and travels n miles an hour ; B follows, and 
travels m miles an hour. If m be greater than n, in 

t how many hours will B overtake A ? and how many 
miles will he travel ? 

Let X =z the hours B travelled. 
Then x -}- a =z the hours A travelled. 

Also, m X =: the miles B travelled, 
and n X -^ n a = the miles A travelled. 
Therefore, 7/1 a? == n a? -|- n a, 
* or ma; — na;=:na, 

and. a? == ~~ , the hours B travelled- 

X 4- a = -^^ + fl, or ^^, the hours A travelled* 

w a? = j^^ X Wj or ^z^y the miles travelled. 
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53. If A seta, out 10 hours before B, and traTels 3 
miles an hour, and B travels 4 miles an hohr, how 
long and how far will they travel before tl^y come 
together ? 

54. Suppose that A sets out 6 hours before B, and 
travels 3 miles an hour, and that B travels 5 miles an 
hour; how long and how &r will they travel f 

55. Divide a line c feet long into two parts, so that 
one part may be to the other as m to n. 

Let X = one of the parts. 

Then — =; the other part. 

Therefore, a? -f —^ =r c, by the question, 
orna?-t-i»ap=:cn, , 
and X = —p;;;, one of the parts. 

Also ^ = ;^f^, the other part 

56. Let the line be 20 feet long, and he so divided 
that one part shall be to the other as 3 to 4. 

57. Divide a line 36 inches long into two parts, 
which shall be to each other as 4 to 5. 

58. Divide any number, a, into two such parts, that ' 
their product shall be to the square of the greater 
part, as i» to n. 

Let X = the greater part. 

Then a — a? = the smaller part. 

Also ax — jfi z= their product, 

and OB^ = the square of the greater part. 
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. I'herefore, ic« = ***J7^ > 

or«ia:®=:ana? — na?, 

and mir = an — nx^hy dividing by x, 

m 0? -j- n a? = a n, by transposition, 

and X = -^ , the greater part.- 
a — X =z a ^^, or -~^, the less part. 

59l Let the number to be divided by these fonntt- 
las be 100, and the ratio given, as 2 to 3. 

60. Divide 100 into two such parts, that their prod- 
uct shall be i the square of the greater part. 

_61. What number is that to which if we add a, 
subtract b from the sum, multiply the remainder by c, 
and divide the product by dy the quotient shall be 
equaj to the number ? j^^^^ ae^he 

62. What number is that, to which if we add 40, 
subtract 25 from the sum, multiply the remainder by 
6, and divide the product by 9, the quotient and the 
number shall be equal ? 

63, Required the number, to which if we add 84, 
subtract 38 from the sum, multiply the remainder by 
5, and divide the product by 7, the quotient shall be 
equal to the number sought. 

, 64. A trader, having gained $4051 by his business, 
and lost $3186 by bad debts, found that | of what 
he had left equalled the capital with which he com- 
menced trade. What was his capital ? 

65. A farmer paid a men and b boys m dollars for 
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working a day ; he afterwardsr paid c men and d boyi 

n dollars for working a day. What was the pay of 
each ? 

Let X = the wages of a man, 

' and y = the wages of a boy. 

A. Then a x -\- b y =z my 

B. and c X '\- d y =.n. 

Multiply equation a by c, and equation b by a, to 
make the coefficients of x equal ; and we have 

c,acx'\-bcy=:cm 
i>. aca; + arfy=on 

* bey — a dy :=cm — a n, by subtraction, 

or (6 c — ad)y:=icm^--any 

and y = _ , a boy's wages. 

By substituting this value of y in equation a, wc 
obtain 

^ -- ^ a man's wages. 

bc—ad^ ° 

66. A farmer paid 5 men and 8 boys $9 for work- 
ing a day ; he afterwards paid 7 men and 6 boys ^10 
for working a day. What were the wages of a man 
and a boy ? "^ 

67. A man lent a certain sum of money; and, at 
the end of 4 years, he received, for principal and in- 
terest, $775. What was the sum lent, the intertst , 
being reckoned at 6 per cent. ? 

Let X = the principal 

Then, since 6 per cent, implies $6 for the use of 
^100, or T§;y of the principal, as the annual interesti 



ntav ^%M$mms jt!<f amsbba. 

ft ^ 

jjj :=z Hke intcirest for 5 year, 

"lot 

100 



and -jjr = tic interest for 4 years. 
Of course, x + "jrr ^ ^® amount 



Therefore, x + -^ =z 775, by the questTon. 

100 a; -f 24 a? = 77500, by multiplication, 

or 124 a; = 77500, 

and X = 625. 

Ans. $625. 

68. To generalize this t[ttestion, we have the 
amount, rate and time given, to find the principal. 

In solving this problem, and others of a similar 
sort, we shall find it convenient to indicate the several 
quantities, given and required, by' their initials, in- 
'Mead 'of 'the letters commonly used ; although tins is 
Aot essential. 

Let jp = the prineipaly - or sum lent, 
r 2= the annual, rate per cent. 
t sz: the time, 
iss the interest. 
a = the amount f which always znp -^ i. 

tn 4he question above,- the value of p is r^uired. 

ff^:ts=iiiie'iiiterest fer.me^grear. 
i t r^p :«:; :die:)iitt6te«tifer\i^yeais. 

p + t r^ asotfaerattitmflt. 

Therefore, jprh trp si a^ 
or (I + < r) p = a, 



To exprefie this formula in vrords: Add 1 to Ae 
product of the time multiplied by the rate^ and dmde , 
tke emoukt hy the mm. TKe quotient tviU be the prii^ 
dpal. 

s This is a general rule fcMr calculating JHacomd. 
When a man pays a sum of money before it has be* 
come due, he is evidently entitled to some reduclioo 
from the debt. Equity requires that he should pa|r 
such a sum as would aimount to the sum due, if put 
at interest during th,e time for wiiich it is advanced^ 
at any rate per cent, iigreed upon by the parties. The 
difference between such a sum, which is called the 
present loorth of the debt, and the debt itself, is tbe 
discount. 

69. What is the present worth of 392 dollars, due 
in 2 years, the discount being reckoned at 6 per ceot. i 

It is here required to find what sum will amount 
to 392 dollars, in 2 years, at 6 per cent In ot^r 
words, the amount, time and rate are given, to fiod 
the principal. 

70. A gentleman hired a sum of money at 5 per 
eent. ; and at the end of 3 years, he paid 8234 doi 
lars, for principal and interest. What was the sua 
hired? 

71. A merchant sold an invoice of goods, amouat- 
ing to 1961 dollars, on a year's credit. What dis 
count should he make fpr present payment, allowiiig 
money to be worth 6 per cent. } 

72. Required the present worth of 713 dollars, dkh 
counted for 4 years at 6 per cehU 

17 
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T3' lY^ 81110 i#,«momt t^.«M7 iaa jmi^ftt 

. Ti. Qiyi^n ibfs «mouiit, time 9iid.priiicip«]» to fiad 
the rate* 

r p = tlMt interest for 1 jear. 

t r|i :^ tbe interej9t for t years. 

J> + ^ *'P = the amount 

Then J' + trp =z a, 

or trpz=: a — p, 

and r = ~^. 

tp 

That is, From the amount subtract the principal; 
and divide the remainder by the product of the princi- 
pal multiplied by the time. The quotient will be the 
• rate. 

75. A man lent $420 ; and, in 5 years, he received 
in payment $546. At what rate per cent, was the 
iponey lent ? 

76. At what rate per cent, will $380 amount to 
$513, in 7 years .^ 

77. Given the interest, time and rate, to find the 
principal. 

r ji = the interest for 1 year. 

^ r p = the interest for t years. 

Therefore^^ rp = i, 

aiidp = j^. 

- Expressed in words: Multiply the time by the rate^ 
and divide the interest by the product. The guottoU 
mU be the principal. 

78. A jNiid B $126 for the use of a certain sum of 



money 3 years ; the interest being reckoned at 5 per 
cent. What was the sum lent? 

79. In the course of 4 years, a man paid interest 
to the amount of $288, which was reckoned at 6 
per cent. What was the debt ? 

80. The amount, principal and rate being given, 
to find the time. 

r jp = the interest for 1 year, 

trp = the interest for t years. 

p 4- t r J? == the amount. 

Therefore, jp -4- < rp = a, 

or t rp == a — ^p 

and r = ^=^. 

That is, From the amomt mbtract the primipid; 
and divide the remainder by the product of the Tide 
and principal. The quotient unll be the Hme, 

81. A man lent $460 at 5 per cent, and receivecl, 
for principal and interest, $629. How long was the 
money kept ? 

82. In what time will $780 amount to $1014, 
interest being reckoned at 6 per 6ent. ? 

These examples show the manner in which gen- 
eral results, or formulas, are obtained; and also how 
they may be used in solving particular questions. 
Let the learner now turn back to Chapter VIII., and 
generalize the questions marked with a star (*) ; and 
then solve the seime questions, numerically, by their 
respective formulas. He will thus be prepared >tb 
generalize some of the more difficult questions, in the 
same chapter, which are not markedt 
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CHAPTER X. 
EVOLUTION. 

SECTION I. 
Introduction, 

W'hen a quantity is multiplied by itself one or more 
times, the product is called a Power of that quantity. 
Thos/a^, being the product of a X a, is the second 
power or square of a; aiid l^, that is, ( X & X 6^ is 
the third power or cube of b. [See Chap. VII. 
Sec. I.] 

On the contrary, the quantity which is multipKed by 
ittelf to produce any power, is said to be the Root of 
that power. Thus, a is the second or square root of 
a* ; and b is the tliird or cube root of 6^. 

. Powers and Roots are, therefore, correlative terms ; 
and Evolution and Involution are the reverse of each 
other. Involution is the method of raising a given 
root to a proposed power ; but Evolution is the method 
of finding the roots of given powers. 

Involution is more perfect, however, than Evolu- 
tion ; for if any proposed power of a g^ven quantity 
.be required, it can be exactly obtained ; but there are 
many quantities whose exact roots cannot be found. 
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^ It is evident, for instance, tiiftt the square' root of a 
cannot be determined ; for there is no quantity, which, 
being multiplied by itself, will product «« 

The roots and powers of numbers haVe the same 
relation to each other as those bf literal quantities. 
Thus, the second powers of 2 and 3 are 4 and 9 ; 
and the s^^uare roots of 4 and 9 are 2 and 3. The 
exact roots of the intermediate numbers, 5, 6, 7 and 
8, cannot be found. 

TABLE OF ROOTS AND POWERS, 



Roots. 




2 


3 


4 


6 


6 


; 7 


8 


9 


10 


Squares. 




4 


9 


16 


25 


36 


49 


64 


81 


100 


Cubes. 




8 


27 


64 


125 


21€ 


343 


612 


729 


1000 


4th powers. 




16 


81 


256 


625 


1296 


2401 


4096 


6561 


10000 


6th powers. 




32 


243 


1024 


3126 


7776 


16807 


32768 


59049 


100000 



The roots of quantities are indicated either by 
means of the radical sigpi y", or by a fractional index. 
Thus, ^\/a, or ^a, is the square root of a, 
^j^a is the cube root of a. 
^\/a^ is the 4th root of a'. 
^64 is the square root of 64, which is S, 
^^a + a? is the cube root of a' 4" *• ^ 

If the quantity affected by the radical sign be not 
a complete power, that is, if its root cannot be ex- 
actly found, it is called a Surd, or Irrational Quantity, 
Thus, V^5, 3^a;*, ^y^a*, &c», are surd quantities. 

Express the roots of the following quantities bj 
neans of the radicaf sign : 
17* 
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FIBST LEMhOVS IIT ALGEBRA. 



1. The square root of x. ' ' 

2. Tne fourth root of ^ 

3. The cube root of o^ -|- y* • 

4. T*e fifth root of 79. 

5. The square root of a* — i + 14. 

When the root of a quantity is expressed by meant 
of a fractional index, the numerator of the fraction 
indicates the power of the quantity ^ and the denomina- 
tor the foot required. 

Thu|Sii a^ is the square root of o^ or a, 
a^ is the square root of a\ 
cr is the cube root of a. 
(«« + 6)i is the fourth root of (^ + h. 
a^ is the cube root of c?. 

The expression a^ may be regarded either as the 
second power of the third root of a, or as the third 
root of the second powei9 of a. And so with all 
other quantities having fractional indices. 

Suppoise the value of a to be 27. The third root of 
27 is 3, and the second power of 3 is 9.. Again, the 
aocood power *of 27 is 729, and the third root of 729 
is 9. The value is the same, whichever mode of ex- 
pression is used. 

Express the roots of the following quantities bj 
means of fractional indices : 

6. The square root of x. 

7. The fourth root of y». 

8. The cube root of (oS + x)K 
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9. The m th root of c. 
10. The square root of a?3 — e? + 12. 

If the numerator and denominator of a fractional 
index be the same, the value of the quantity is not 

affected by it ; for a*, that is, the second root of the 
second power of a, is evidently a. 

As the value of a fraction is not altered, when 
both the numerator and denominator are either mul- 
tiplied or divided by the same number, fractionat in- 
dices may be changed into other indices of the same 

value ; as,.a^, a^, a*^, a% &c., which are all equal. 

Suppose the value of a to bfeJ6. Then the sec- 
ond root of a is 4, whose first power is also 4. Again, 
the fourth root of a, or 16, is 2 ; and the second 
power of 2; is 4. And so with the others. 

We can, therefore, reduce different fractional in- 
dices to other indices which shaH express the same 
root, by reducing the fractions to a common denom- 
inator. 

When a letter or figure is prefixed to a quantity 
affected by the radical sign, it is to be regarded as a 
coefficient, and the two quantities are supposed to 
be multiplied together. ' 

Thus, a j^ X implies that the square root of d? is 
multiplied by a ; and 5 /^ a^ is the product of the 
square root of a^, multiplied by 5. But 5 + V ^> 
or 5 — V ^^' implies that the square root of a^ is to 
be added to, or subtracted fifom^ 5, and not multiplied 
by that nutaber. 
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i 
SECTION II. 

Roots of Simple Quantities 

1. What is the square root of a^ ? Ans. a^« 
We are here required to find two equal factors, 

whose product shall be a^ ; and, as we multiply pow- 
ers by adding their exponents, [See Chap« VILSec. 
VI.] o^ X «^ = €fi' Or the required root may be 

expressed by a fractional index, thus, a* ; which, the 
fraction being reduced, becomes a^. 

2. What is the cube root of a^ ? Ans. aK 
Here we are required to find three equal factors, 

whose continued product shall be a^; and, by the 
rule for multiplying powers, o^ x a^ X tf^ = a®. If 
the required root be expressed by a fractional mdex, 

6 \ 

it will be a^ = a^ as above. 

3. What is the square root of 16 a^ ? Ans. 4 a. 

For 4 a X 4 a = 16 a2. The root of the coeffi- 
cient is found and prefixed to the root of the literal 
quantity, which is obtained as above. 

4. What is the square root of 9 tf* 6^ ic* ? 

Ans. Sa^bifi. 
For 3 0^ 6 ir3 X 3 /»« 6 a?3 = 9 a* 62 a;6. W6 di- 

' vide the exponent of every letter by the index of tbe 
required root, and annex the result to the root of the 
coefficient 

5. What is the cube root of o^? Ans. «*. 
As the exponc^nt of the given power cannot be di- 
vided by the index of the required root, without leav- 



' BTOLVTIOir. 901 

ing a remainder, the root miut be rtffeitmtti by a, 
fiactional index. 

6. What is the fourth root of 81 a« €^? 

Ans. 3 a c^. 

7. Required the fifth root of 1024 a^ u^^. 

Ans. 4 d 2^. 
From these examples and observations we derive 
the following Rule for extracting the root of a sim* 
pie quantity, viz : ^ 

Divide the exponent of the given power by the index 
of the root to be foundy and annex the result to the root 
of the coefficient. 

8. What is the scjuare root of 64 a* i^ ? 
- 9. What is the cube root of^lt^b^sfii 

10. What is the fourth root of 81 aS ct* yw ? 

11. Required the fifth root of 32 x^ y^\ 

12. Extract the cube root of 64 a® a^ y^*. 

13. Required the square root of 5 a* a?*. 

14. What is the cube root of l^afi y* ? 

15. Extract the fourth root of 1296 a* J8 x» 

16. Required the fourth root of 16 a^ 6^. 

17. What is the third root of 9 a^ b^ afi} 

18. Find the square root o^ 25 a^ b. 

19. Extract the cube root of 64 x^ y*. ' 

The root of a fi^ction is fi3und in the same man- 
ner. Extract the root of the ntmeratorfor a new nu^ 
meratory and the root of the denominator for a new de- 
nominator. 

20. What is the Square root of -^i 

21. Requiired the cube root of g^- 
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42. What ii the feuriih root of ~^f 

23. Extmot the cube not 0f £^» 

24. Required the square root of ^ ! ^ . 

25. What is the cube root of 75;^? 

2& 



I 



26. What is the square rdol of -j^ ? 

To determine what sign should be prefixed to a 
root, observe, in general, that the root, when multi- 
plied by itself the requisite number of times, mast 
re-produce the given power. Therefore, 

An ODD root of any quantity must have the same 

sign which the quantity has. The cube root of — a* 

is — a; for — a X — a = + «S w^d + «^ X — a 

= — 0^. And the cube root of + a^ is -{' a; for 

••+ a X + a = + a^ and + a^ X ^ ^ -- ^ ^3. 

An EVEN root of a positive quantity hak two signs, 
the one positive, the other negative. Such a quantity 
is said to be anJnguous. The square root of a^ may 
be either + «, or — a; for -}- a X +«=-}- a^, and 
— a X — a = + a^ also. When it is not known, 
from the nature of the question, whether the root is 
positive or negative, it should be marked with the 
anMgtums sign ; thus db a- - 

There is no such thing as the even root of a nega- 
tive quantity ; for neither — a X — <», nor -f- « X + <»> 
will produce — a^. 

27. What is the square root of 25 a^ l!^? 

28. What is the cube root of 125 a^ 6« f 



89* WkiMs^fi M|M«iKe loot of 7 ^ y»f 
3P. KeqiJ^ed the fifth root of — 843 si^. 
31, Ej^tr»ct the ^ooitb r^oi of 8^6 «« i« e^. 
38. Required the square root of 64 o^ afi. 
38. £xtriict the cube root of — 185 nfi «5. 

34. What is the sixth root of 4096 afi «« ? 

35. Required the cube root of 64 x^ sfi, 

36. Extract the square root of 17 a?* y^ ^gS, 

37. What is the cube root of — I8(fij/^z^} 

38. Required the fifth root of 



3&. Find the cube root of 






126 v««* 



SECTION III. 
To extract the Square Root of a Compound Quantity. 

1. What is the square root of 18 a^ y* + 4 y* + 
9a?*y«? 

Since the power giTen in this question consists of 
three terms, it is evident that its root must contain 
more than one term ; for the second power of a sim* 
pie cpiantity is a simple quantity^ and the second 
power of a binomial consists of three terms. [See 
Chi^ VIL See. III.] We are, therefore, required 
to find the binomial, whose square is the quantity pi^ 
posed in the question. 

We may here remark that no binomial, as. a^ + y', 
can be a.comfJele ponder; and the root of an income 
plete power can be found only by approximation. 
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The second p6wer of Ae binomial a + i, is «^ + 
!2 ai + i^) [See Chap. IX. Quest. 18.] in wbich^ it 
will be observed, the several terms are arranged ac- 
' cording to the powers of the letter a. 

If we arrange the terms of the proposed quantity 
according to the powers of »ap, it will become 

9 x*y + 12 a« y^ + 4 y«. 

In the formula, (a + J)^ z= a^ + 2 a i + 4», the 
first term of the power, a^, is the square of the first 
term of the root, a. 

Hence we infer that the first term of the gLven 
quantity, 9 oc* y^, is the square of the first term of the 
root sought, which is, therefore, S a^ y; for 3 o:^ y X 
'3(fiy=z9x*f. 

Again, the second term of the power expressed in 
: the formula, 2 a &, is twice the product of the two 
terms of the binomial, a + b; of course, if it be di- 
vided by twice the first term, a, the quotient is the 
second term, b. \ 

To apply this principle, we must divide the second 
term of the given power, 12 a^ y*, by twice the first 
term of the root already obtained, Sa^ y ; that is, by 
6 0^ y. The quotient is 2 y^, which is the other term 
^f the root required. 

Therefore, 3a^ y + Qy^iBihe whole rpot sought ; 
aiid(3ac«y + 2y3) X {S afi y + 2 y^ =z 9 x* j^ ^ 
i2a«y* + 4y«. 

The several steps taken in this investigation bAj 
be expressed together in the following manner: — 



6 «» y 4- 2 y» 



12a«y^ + 4y«' 



The given quantity being arranged according Iq 
the different powers of x, as in Division, the rool of 
the first term is found to be 3 o^ y, which is put in 
the quotient's p)ace. 

The second power of 3 a;^ y is next subtracted from 
the first term of the given quantity, 9 a^ y', when 
there is no remainder; which proves that the true 
root of this term has been found. 

To ascertain the next term of the root, we must 
divide the second term of the given power by twice 
the root already found; therefore, the remaioiiig 
terms of the power, 1& a:® y* -|- 4 y®, are brought 
down for a new dividend. 

That portion of the root which has been fi>ttiid« 
3 cc^ y, is then doubled, and put in the divisor^s plaoe^ 

The first term of the new dividend, 12 ofl y\ is di- 
vided by 6 x^ y, and the quotient is found to be 42 y*, 
which is the second term of the root. 

To ascertain whether 3 ai^ y + 2 y^ be the bue 
root required, we should involve it,' and subtract H? 
second power from the given quantity, when tlMe 
must be no remainder. But the second power of the 
first term, 3 o:^ y, has already been subtracted. Now^ 
in the formula, (a + by =z a^ + 2 ab + l^, twice 
the first term of the root, multiplied by the loift UpB$ 
18 '^''^ - 
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is e<fM to the iecMct term df the powef ; abo the 
last term of the root, multiplied by itself, gives the 
last term of the* poiver. That i8,:if we add the laat 
term of the root to twice the first term, and multiply 
their sum by tiie last term, the product will be equal 
, to the second and third terms of the power. There- 
fore, 2 y3 is added to 6 a^ y, to complete the divisor. 

The whole divisor, 6 a?^ y + 2 y', is then multi- 
plied by 2 y3; and the product is subtracted from' the 
new dividend. There being no remainder, ^e are 
certain that 8 aj® y + ^ y* is the true root required- 

Fi-Om this investigation may be derived the follow- 
ing Rule for extracting the square root of a com- 
pound quantity. 

1. Arrange all ih^ terms of the given quantity ac- 
cording to the powers of one of the letters, so that the 
highest power shall stand first, the next highest next, 
and the rest in order, as in Division, 

2. Find the root of the first term, aiidput it in the 
place of a quotient. 

3. Subtract the square of this root from the first 
term of the given quantity, and bring down the remain- 
ing terms for a dividend. 

.4. Double the root already found, and put it in the 
divisor^s place, 

. 5. See how often this divisor is contained in the first 
term of the new dividend, and annex the quotient both 
to the root already found and to the divisor. 

'6. Multiply the divisor, thus increased, by the term 
of the root last found, and subtract the product from 
the dividend. 
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T. DmAk the tohoh rocifor a new4m$ory and di- 
vide as before, 

8. Proceed in this tray, WfM the efUire root of the 
given quantity is extracted. 

2. What is the square root of 9a?* — 12a?3 + 16 a* 
— 8a? + 4? 

9a?* — 12058 + lj6a:« — 8a? + 4(3 a«—2a?+2. 
9a?* 



6a«— 2a? 



— 12a;3 + 16ai« 

— 12a«+ 4«» 



6a«— 4a?-f 2 



12ac« — 8a? + 4 
12a?9 — 8a? + 4 



In this example, the second term of thc^ root, 2 x, 
is — , because it is the quotient of — 12 a!^ divided by 
-|- 6 a;^. The second divisor, 6 o^ — 4 a?, is obtained, 
as before, by doubling the vohoh of the voot already 
found. 

3. What is the square root ofa8-f2a67{-J« — 
2ac — 26c+ (?} ^ ' 

a«-f.2ai4-6»— 2ac— 26c-f ca(a + 6— c 



2a + i 



2a6 + 69 
2a5 + J» 



2a-|-2i — c 



— 2ac~2 6c4-c* 

— 2ac — 26c + c» 
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4 WhAtu»theaqw!«rootof4^ + 19aiy + »y«? 
5* Extract the square root of 

a* — A4fi3s + 6 a« 058 — 4 a «» + «?♦• 
6. What is the square root pf 

, . a?* — 4a« + 6a« — 4a? + 1? 
, 7. Required the square root of 
^f + 12 (Jfi +5 x^ — ^afl + l sfi — ix +1. 

8. What itf the s/]uare root of 

1— 4a + 4a« + 2a? — 4a«4-a^? 

9. Extract the square root of 

a;« — 2 aj« + 3 a?* — 2 aS + «». . 

10. What is the square root of 

x* + 4aay -|..4y»_4a:a_8y -f 4? 

11. Extract the square root of 

i fl4 J9 _ 30 a« 6 + 12 a* i* + 25 — 20 ^ 6» -^J. 
4 0*68. 

12. What is the square root of 

4 + 4i^6 + tf<4^ — 12y« — 6a^ij/« + 9y*? 
Id. Required the sqliare root of 
4c(S _ 4 a 6 + js + 12 o c — 6 6 c + 9 A 

14. What is the square root of 

jji ^ 4 ;c5 + 10 «* + 20 a?3 + 25 ac» + 24 a: + 16? 

15. Find the second root of 

4 flP — 4 a* + 12 03 + a» — 6 a + 9. 

16. Extract the square root of jrHiTrfTTa- 
Extract the sqiiare root of the numerator and ofth» 

i^awmnatoTy separately y as in simple quantities^ 

17. Required the second root of q^^i^^JZ, jl ^ 

18. Required the squarp root of x+Ux4^:fi * 



SBCTION IV. 

Th extract the Square Root of a Number, 

The following Rule for the extraction of the square 
root of a number, is derived directly from the method 
of extracting the square root of an algebraic quantity : 

1. Separate the given number into periods of 'two 
Jigurei eachy beginning at the right hand. The period 
<m the left may contain either one or two figures. 

2. Fifid the greatest second power contained in the 
left-hand periody and write its root in the quotient's 
place. 

' 3. Subtract the square of this root from the first 
period of the given quantity^ and bring down the nAt 
two figures for a dividend. . 

4. Double the root already found, aMput it in the 
divisor^ a place. 

5. See how many times the divisor is contained in ' 
the new dividend, rejecting the right-hand J^te ; and 
annex the quotient both to the root already finmd and 
to the divisor. 

6. Multiply the divisor, thus increased, by the figure 
of the root last found, and subtract the product from 
the dividend, 

7. Bring dovm the next two figures of the given 
number for a new dividend. 

8. Double the whole root for a new divisor, and di* 
vide as before. 

9. Proceed in this way, untU the entire root of the 
given quantUyis extracted. 

18* 
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Should the dtrisor not be contained in the din- 
dend, mvst be annexed both to the root and the di- 
vifor; the next twor figures must then be brought 
down, and a new trial made. 
. The only, important point, in which this rule differs 
ftam the one giVen for extracting the square root of 
m algebraical quantity, is that which requires the 
given number to be separated into periods of two 
%ure8 each. This is done to ascertain how many 
figuroB the required root^ yhII consist of. As the 
aquare root of 100 is 10, the square root of every 
wunber less than 100 must be less than 10, and con- 
sist, of course, of but one figure. And as the squaie 
root of 10000 is 100, the square root of every num- 
ber less than 10000, and more than 100, must be 
composed of two figures. $o, also, as the square root 
of 1060000 is 1000, the square root of every num- 
ber smaller than 1000000 must be less than 1000, 
and consist of not more than three figures. Hence 
if is, that the given number is separated into periods 
Q$ ^ro figures each. 

1 . |^||94 1$ the square root of 106929 ? 

106929 (3jn. 
9 



169 
124 



647 




By separating the nrfiibcr, given lir die questfoD, 
into periods of two figures each, we find that the root 
. will consist of three figures. The greatest even power 
in the first period, 10, is 9, the square root of which 
' is 3. This root is, therefore, put in the quotient's 
place ; its second power is subtracted; from the first 
period, 10 ; and the next period, 69, is brought down 
aiid annexed to the remainder, for a dividend. Thip 
dividend (the last figure, 9, being omitted) is divided 
by twice the root already found, 6 ; and the quotient, 
2, which is the second figure of the root, is annexed 
to 6, to complete the divisor. The divisor, thus in^ 
creased, is multiplied by 2, and the product is sub* 
tracted from the dividend. The next period, 529, is 
annexed to the remainder, and the work is continued 
■as before. 

2, What is the square root of 43964 ? 

43264(208- 
4 



408 



3284 
3264 



In this example, the divisor, 4, is not contained in 
the dividend after the right-hand figure is rejected ; 
a zero is, therefore, added to both the root and the 
divisor, and the next period, 64, is brought down to 
eomplele the dividend. 

3. What is the square root of 148225? 

4. What is the square root of 1522756 i 

5. Required the square root of 5499025. 
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6. What ia the square root of 28163686 ? 

7. Extract the square root of 9247681. 

8. What is the square root of t\ i Ans. f « 
We find the root of a fraction by extracting the 

root of the numerator and of the denominator sep*- 
arate]y. 

9. Required the square root of |f ? 

10. What is the square root of 3^*> Ans. If. 
The mixed number, 3^, reduced to an improper 

fraction, becomes -ij/V-? the square root of which is ^j 
or If, as given above. 

11. What is the square root of S^f ? 

12. Extract the square root of 7^. 

13. Required the square root of 30^. 

14. What is the square root of 27699169? 

15. Required the square root of ff . 

16. Find the square root of 13ff|. 

17. What is the square root of i^^.^ 

18* Extract the square root of 3637175481. 



SECTION V. 
Approximate Roots. 

1. What is the square root of 7 ? 

Since the second power of 2 is 4, and the second 
power 6f 3 is 9, the square root of 7 must . be more 
tiian 2, and less Ifaan 3. Therefore, 7 is not a com- 
plete power, and its exact root cannot be f<Hind ;' but, 
by annexing two zeroes to each of the suocestive re- 



fliftinderSi w6 can obtain itn »pproooimate root, in de- 
cimals, to any assignable degree of accuracy. Two- 
zeroes are annexed for each new decimal of the root^ 
for the. same reason that two figures are brought 
down, when the operation is confined to whole num* 
bers. Of course, the decimal places of the root will 
be equal to half the number of zeroes used. 

7 ( 2.645 &c, 
4 



46 
5S4 



300 
276 



2400 
2096 



5285 



30400 
26425 



3975 



If there were no remainder, the square root of 7 
would be 2^^ ; but, as there is a remainder, it is mar^ 
than 2^^, althougli less than 2^^^. Therefore, 
fi^S^ differs less than the thousandth part of one firom 
the true root required. By annexing additional ze^ 
roes, and continuing the work, we may obtain the root 
atill more accurately. 

2. Required the square root of 5. ' 

3. What is the square root of 2 ? 

^ 4. Extract the square root of 823. 

5. Find the square root of 527. 

6. What is the square root of f ? 

The square root of 9 is 3 ; but, since the numera* 
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. tor is not a. complete power^ the root whose secmid 
power is nearest to 5 must be taken, which is 2. The 
difference between §. and the true. square root of f, is 
less than ^ of a unit. 

When both the numerator and the denomiitator of 
a fraction are multipUed by the same quantity^ its value 
is not altered ; and if both terms of this fraction be 
multiplied by any perfect power, a nearer appraxima- 
tion to the true root will be obtained. Let them be 
multiplied by 9. 

5X9 _46 
9X9'~.81* 

The square root of 81 is 9, and the nearest square 
root of 45 is 7 ; so that i expresses the value of Vf 
within ^ part of a unit. 

Again, let ^ be multiplied by 144, which is the 
second power of 12. 

46X1^ _ ^^ 
81X144 11664* 

The square root of -^^ is ^^ nearly ; conse- 
quently, -^ differs less than ii^ of a unit from the 
value of the exact square root of f • 

In general, the larger the power by which the termft 
of a fraction are multiplied, the nearer to the true 
root will be the approximation. 

7. What is the square root of 3f ? 
Reduce this niixed number to an improper frapUon, 
and proceed as bef9re«. 



1 22 _j 22X7 _154 

7X7 "" 49' 



Sj = Y' "^ 



KTOSilTTlOir. 



215 



The nearest square root of ^ is -^ or 1|, which 
is the root required within less tHan | of one. 

8. Required the square root of f . 

9. What is the square root of 5^ ? 

10. Find the square root of {. 

11. Required the square root of 2f • 

12. vV^hat is the square root of a^ + x^? 

It has been shown, already, that no binomial is a 
perfect second power. The approximate root of a 
surd can be found by the common rule for extracting 
the square root of i^compound quantity, thus : ^ 

a«. + ^(« + £-sT3 + l?i-S<S.c.. 



' 2a 






4a* 



2« + 7-8^ 



' 4,efl 



2a + ^-^+^ 



' « 4c^ 



8a« 


~64a« 


8a« 
8«« 


64 a« 
"• 16a» 64a» ' 256 a» 



5xfi 



8a» 128a7 



64a«'^ 64d?' 



13. Required the square root of i + x. 

14. What is the square root of ac® — z^l 

15. Extract the square root of a^ -|- 1. 

16. What is the square roet of -^ ? 

17. Extract the square root of 7641. 



2M«><» 
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CHAPTEft XI. 
EaUATloNS OF THE SECOND DEQttEE. 

SECTIOK I. 
Fure Equatiom, 

Aw equation of the second degree contains tiM 
second power of the unknown quantity. Whtti the 
unknown quantity appears only in the second power, 
the equation is said to be pure. 

1. What number is that, which, being multiplied 
by itself, and the product doubled, will give 162.' 

Let X =. the number. 

Then Uafi =z 162, by the question; 

and 0^ = 81, by division. 

X = 9. 

Ans. 9. 

"S. A fanner, being asked how many cows he bad, 
answered,^ that if the number were multiplied by'b 
times itself, the product would be 720. How miny 

Let X = the number of cov^s. 

Thien 5afl =z 720, by the question. 

sfl = 144, and x = 12. 

Aks. 12 cows. 



£ai7Agn«M >or tun 4M«ifD dowibx. Ml 

9. A^genUemaft, beiAg nsfead tib^ pHce i^ kis but, 
mMmremli tlmt if it were itnifltiplifdby itself, wA^ 
were nubtraoted from tbefNToduct, the lemmcjer mul- 
tipKed Igr 5 would be IM. What was the piJMse q( 
the hat? 

Let a? = the pri^, of the hat. 

Then 5 o^ — 130 = 190/ by fte question. 

5 x^ = 190 + 130, or 320, by transposition. 

a^ = 64, and a? = 8. 

Ans. 08. 

4. A gentleman, being asked the age of his son, 
replied, that if from the square of his age weire sub- 
*tracted his own age, which was 30 years, and the re- 
mainder were fl^Hltiplied by his sc^'srage, the product 
would be 6 times his age. How old iras he ? 

Let X = the son's age. 

Then, by the conditions of the question, 

(oca — 30) a?, or a? -^ go a: = 6 a?. 

ai«— 39 =r 6, by dividing by x. 

a« =r 36, and a? = 6. 

Ans. 6 years. 

5. What two numbers are those, which are to e^fitt 

other as 3 to 4, and the difference of whose squiiies 

is 11»? 

Lei; a? 7^ the lar^r number, 

and -r =i the smaller. 

Then j5« -^^-s 118, 
or 16«* •*• 9 a? fxt 179&, hf uultiidication. 

19 
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6. There is a certain room, the sum of whose length 

and width is to its length as 5 to 3 ; and the same 

sum, multiplied by the length, is equal to the width 

multiplied by 60^ What are the dimensions of the 

room? 

Let X =t the length, 

and y = the width of the room. 

A. Then a? + y = -^, by the question, 

B. and 60 y = x® + 0? y, that is, (a? -|- y) x. 

c. y :;= -~, by reducing equation a. 

D. y HZ ^ , by reducing equation b. 

*• 6Q_ = "V^> '^y comparing equations c and J). 

3 ^ = 120 a; — 2 0?, 

and 3 a? = 120 — 2 a?, by dividing by x. 

3 a: + 2 a: = 120, and x = 24. 

y,.or — = 16. 

Ans. Length, 24 feet; 
Width, 16 feet. 

From these operations may be derived the follow- 
ing Rule for solving pure equations of the second 
degree : 

Find the value of the second power of the unknotcn 
quantity y in the same manner at the value of the uor 
Jcnoitm quantity is found in simple equations; and then 
extract the square root of each member of the equation. 

Sometimes, as in the last question, the second 
power can be made to disappear by division. 
• 7. A boy bought a number of oranges for 36 cents ; 
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and the price of an orange was to the number bought 
as 1 to 4. How many oranges did he buy, and what 
did he give apiece ? 

8. A merchant sold a quantity of flour for a certain 
sum, and at such a rate, that the price of a barrel was 
to the number of barrels as 4 to 5 : if he had re- 
ceived 45 dollars more for the same quantity, the price 
of a barrel would have been to the number of barrels 
as 5 to 4. How many barrels did he sell, and at what 
price ? 

9. A gentleman exchanges a field, 81 rods long 
and 64 rods wide, for an equal quantity of land in the 
form of a square. What was the side of the square ? 

10. How long and wide is a rectangular field con- 
taining 864 rods, the width of which is equal to f of 
the length ? 

11. A certain street contains 144 rods of land; 
and if the length of the street be divided by its width, 
the quotient will be 16. How long and wide is the 
street ? 

12. A trader sold two pieces of broadcloth, which 
together measured 18 yards ; atid he received as many 
dollars $i yard for each piece as it contained yards. 
Now, the sums received for the two were to each 
other as 25 to 16. How many yards were there in 
each piece ? 

Let X = the yards in the longer piece, 
and y = the yards in the other. 
Then a? + y = 18 ; 
and a? = 18 — y. 
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Ag^fih, ^ ^ Ihe #hi6l6 pifiee of one, 
tttid f t^ the ^e^ of th6 other. 

Therefore, a;^ = --^, by the question; 

* and X == -~, by evolution. 

-j^ 2is 18 — y, by comparing the vahies of a?. ' 
' Ans. 10 yards ; 8 yards. 

13. A man divided 14 dollars between his son and 
daughter in such a manner, that the quotient of the 
daughter's part divided by the son's, was ^ of the 
son's part divided by the daughter's. What was the 
share of each ? 

.14. A house contains two square rooms, the areas 
of which are to each other in the proportion of 25 to 
9 ; and a side of the larger room exceeds a side of 
.the smaller by 10 feet. What $a-e the dimensions of 
the rooms f 

15. In a certain orchard there are 4 more rows of 
trees than there are trees in a row ; and if the same 
number of trees were so arranged that there should 
be 64 added to each row, the number of the rows 
would be reduced to 4. How many trees are there 
in the orchard ? 

Let X =z the trees in a row. 
Then a; + 4 = the number of rows, 
and a^ -^ 4 X =: the number of trees. 

T . r»^/*' r=^ the number of trees. 
or 4 a? + 256, > 

Thetia-s -j- 4 cc =; 4 a) + 256. 

An9. 320 trees^ 
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16. When an army was formed in solid column, 
there were 9 more men in file than in rank ; but when 
it was formed in 9 lines, each rank was increased by 
900 men. Of how many men did the army consist.'^ 

17.. A gentleman has two squares of shrubbery in 
bis grounds, the difiereoce of whose sides is to the side 
of the greater square as 2 to 9 ; and the difference of 
thoir areas is 128 yards. What are the sides of the 
squares ? 

18. Says A to B, "Our ages ?ire the «ame; but if 
I were 5 years older, and you were 5 years younger, 
the product of our ages would be 96." What are 
their ages ? 

19. What. number is that, which being added to 
10 and, subtracted from 10, the product of the sum, 
multiplied by the difference, will be 51 ? 

20. There is a rectangular field, whose length is to 
its breadth in the proportion of 6 to 5. A part of this, 
equal to | of the whole, being an orchard, there re- 
main for tillage 625 square rods. What are the length 
and breadth -of the field ?' 

21. It requires 108 square feet of carpeting to cover 
a certain entry ; and the sum of its length and breadth 
is equal to twice their difference. How loilg and 
wide is it? 

22. Required two numbers which are to each' bther 
as 1 to 3, and the sum of whose second powers is 
equal to 5'times the sum of the numbers. 

23. The area of an oblong room i» 400 square feet ; 
and if its width were equal to its length, its area would 

19* 
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be ^ greater. What are the dimensions of the 
' f»otn? 

91. A charitable person distributed a certain sum 
-liEAibhg some ^oor m^i and women, the numb.ei^ of 
Hvho^ were in the proportion of 4 to 5. Each man 
received i as many shillings as there were persons 
¥efieved ; and each woman received twice as many 
eftiillings as there were women more than menl . The 
me^n received, altogether, 18 shillings more than the 
women. How many were there of each ? 

25. A gentleman, being asked the ages of his two 
sons, replied, that they were to each other as 3 to 4 ; 
and that the product of their ages was 48. What 
Were their ages? 

26. A gehtle(nan has an oblong garden of such di- 
mensions, that if the difference of the sides be mul- 
tiplied by the greater side, the product will be 40 
square rods ; but if the difference be multiplied by Ae 
shorter side, the product will be 15 rods. What are 
this length and width of the garden ? 

Let X = the less side, 
and y =. the difference of the sides. 
Then a? + y = the greater side. 
Therefore, a? y + y^ = 40, > by the conditions of the 
and a? y = 15, > question. 

15 

^ = y- 

By substituting tthe value of x in the first equation^ 

^eodniUbbtain 

16 + y2 -, 40, 

and y == 5. 
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SECTION II. 
Affected Equations. 

As a pure equation of the second degree contains 
the unknown quantity only in the form of its second 
power, all the terrqs in which it appears tan be united 
in one term, whose root, as we have seen, can be 
readily found. 

An affected equation of the second degree contains 
not only the square of the unknovm quantity in one 
terniy but also the unknovm quantity itself in another 
term. 

Thus, a^ -{■ 4 X zizll isan affected equation of the 
second degree, in which the unknown quantity ap- 
pears in two terms ; for x^ and x cannot be actually 
added together so as to make but one term. 

When an equation of this sort is formed, it may 

contain the unknown quantity in any number of terms, 

provided it be only in the iQrst and second powers ; 

for, in this case, the terms may all be reduced to two. 

Thus, if we have die equation 

by transposition we obtain 

53fl^$^^4^ + 8x — Sx — xz=t4,d + 2i; 

and, by adding the similar terms, 

' 2a« + 4a?=72; 

and, by dividing all the terms by 2y 

«» -f 2 X == 36. 

Affected and pure equa^ons ef the second degree 
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are solved in the same manner: io both, we find tkl 
vnlue of the unknown quantity by extracting the sqitare 
root of each member of the equation. When the mem- 
ber containing the unknown quantity is a complete 
power, the process is as direct and simple in an affect- 
ed as in a pure equation. 

1. Given oiJ^+2ax + ^^=zl^, What is the 
value of xJ Ans. b — a. 

In this question^ a and b represent known quanti- 
ties. Now. we know by inspection, that the first mem- 
ber of the equation, a^ -^'2 a x ^ a^, is the complete 
second power of the binomial quantity x -{> a; and 
the other member, 6^, is the second power of b. By 
extracting the square root of each mtember, therefore, 
we obtain the equation, 

X '\- a =1 b. 
And X =z b — «5 by transposition. 

If we suppos^ = 4 and 6 z= 9, by raising a? -f 4 
and 9 to their second powers, instead of the above 
equation, we shall have 

a^,-].Sx + 16 =t81, 

or V a^ + 8 0? + 16 = V 81. 
. That is, a; + 4 = 9, 
and A? ±= 9 -^ 4 = 5, by transposition. 

2. Given a? -f 2 a x = 6. What is the value 
x>{ xJ Ans. /^b +. a* — a. 

In this question, the member of the equation con- 
lAiiiiRg the unknown quantity, is not a complete power ; 
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and, of course, while it remains in its present form, 
its root, and consequently the value of the unknown 
quantity, cannot be found. But it h poseible to add 
such^ a quantity to the first member as shall make it a 
perfect square. The necessary quantity must be 
added to both members of the equation, to preserve 
its equality. 

i^t h&w ^H we find the quantity which must be 
add^d to complete the square ? If we examine the 
equafioft given above, 

a« -f 2 a a; = 6, 

we shall be satisfied that the root of the first member, 
whatever it may be, is not a single terpi ; for any 
power of one term coesists of but one term. But if 
its root consist of two terms^ one lerm is wanting to 
complete the square ; for the second power of a bi- 
nomial quantity contains three terms, [See Chap. VIL 
Sec. III.] whereas the given quantity contains but two* 
The terms given, x'^ -{-2 a x, are the first two terms 
of the second power of the binomial a? + a ; and the 
third term of the same quantity is a^. [See Chap. 
IX. Ques. 18.] By adding this quantity, therefore, 
to both of the given members, we make the first mem- 
ber a complete square ; and the equation becomes 

0^ + 2 o a? + flfi = 6 + a«. 
And ^a^ + 2ax + a^== V * + «^ 
or oj + a = y^ 6 + a^, by evolution, 
and 0? = y' ^ + a^ — «, by transposition. 
Observe that the coefficient of the second terra 
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^ven 18 2 a, one half of which is 1 a oi* a; and that 
the quantity added to complete the square, a% is the 
second power of a. 

If, in the last example, we suppose a = 4, and 
b =: 84, i\ie given equation will be 

a8 + 8 a? = 84. 

Now, if we add, as before, the second power of the 
value of a, (4 X''4 == 16,) to both sides of the equa- 
tion, the first member will be a complete square ; and 
the equation will be solved thus : 

a:9 ^ 8 «• + 16 = 84 + 16, or 100. 



And Va?8 + 8 a; + 16 = V 1^0, 
or a: + 4-= 10; 
and 0? = 10 — 4, or 6. 

Observe that 16, which is added to complete the 
square, is the second power of 4, or half of the co- 
efficient of the second term of the given equation. 

Hence, to render the first member a* complete 
second power, we add the square of half the coeffi- 
cient of the second term to both members of the equation, 

3. Given the equation 87 + 7 ac^ — 123 + 3 ac >= 
5 x^ + 118 — 5 X. What is the value of x1 

7x9— 5 a:2^3a;^5 an=::l 184.123—87, by transposition. 

2 aj* 4" 8 a; = 154, by uniting terms, 

and a^ -\- 4 X =ill,hy division. 

x3-|-4 a:+4 = 77+4, or 81, by completing the square. 

a: -|- 2 = 9, by evolution, 

and a? = 9 — 2, or 7. Ahs. 7. 
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4. GlTen the equation 3 os^ + 89 + j+ SO (c r= 224 

+ 3 a:* + 8 a?; to find the value of x. 

3 Jtf» + y — 3aj2+2at>— 8a?:==224— 89,by transposition. 

--■ + 12 a? = 135, by uniting terms. 

0?^ + 36 a? = 405, by removing the denominator. 
j*+36 x+324 —405+324, or 729, by completing the 
0? + 18 = 27, by evolution. [square. 

a? = 27 — 18, or 9. 

5. What is the value of x in the equation 3 x* -[- 

2 » = 161 ? 

3a?2 + 2 a: = 161. 

x^ + -|- = ifi, by removing the coefficient of a:^. 

T* -f- ^+i=-''|^+i=H^, by completing the square. 

In this equation^ the second term has a fractional 

ooefiicient ; for y is the same as f x. The half off 

is J, the second power of which is J. The fractions 
of the second member, -if^ and ^, are reduced to a 
common denominator, and added together in the 
usual way. 

6. Given 5 a;^ + 3 x =2 344. What is the value 
of X? 

5xa + 3x = 344. 

01^ + ^ = ^t*, by removing the coefficient of A 
^ + 7^ + T^TT = ^i^ + T«Tr, or 5fi«f . 
Half of f X is ^js x; and the second power of /^ 



s^ 
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X ^.eqttirad tbe valMe of op w tfie>feH0imig jeqpa* 
tion; a^ — I4x zsz 5il. 

^ a^ — 14 0? =1 5L 

jP* ^ 14 07 + 49 = 1©0, by completiDg the square. 
X — 7 = 10, by evolutiea ; 
and a? = 10 + 7, or 17. 

In this operation, as the second term of the first 
member, — 14 a;, is a negative quantity, the second 
term of the root must also be negative. It should 
not be forgotten, that the square root of a positive 
quantity may be either positive or negative. 

It will be observed, that the square root of the first 
member of the equation always consists of the wiknovm 
quantity, and half the coefficient of the second term. 
In practice, therefore, it is not necessary to 4;ompIete 
the square of that member, and then extract the root 

8. Divide 34 into two such numbers that ibek 
produGtshall be 225. 

Let.<s £= i»ne nnmbor. 
Then 34 .— a? ^=: the other, 
^ ando? (34 «<-^ a?) =: their product. 
Therefore, 34 x — o^ = 225, by the question. 

'It'will beremembered, that theiie can be /no such 
quantity as the root of — a^. [See Chap. X. Beo 
II.] Consequently, inthesecoifd'^power of a bino 
vaSM t>r fesidttcd quantity, the' i#sl^and;:last=temisrniuK 
always be positive, as each Js the i^cQnd.]K)wer of 
one term of the root. Therefor^, the first iQ^njiber 
of the lasjt equation, 

— «• + 34 a? = 226, 



is not, in ItA predentform, a part of the second power 
of any binomial whatever. Hie signt ofaUthe ternu 
may be dianged, however ^ without affecting the equality 
of the members; and, when this has been done, the 
square of the first nenbercan be completed in the 
usual manner. 

af^ — 34 a; = — 225, by changing all the sign^. 

a:9 _ 34 a? + 289 =2 — 225 + 289, or 64. 

X — 17 = =1= 8, by evolution, 

and a? = =F 8 + 17. 

Ans. 25 and 9. 

From these examples and observations, we denve 
the following Rule for solving affected equations of 
the second degree : 

1. CoUect all the terms' continuing the unknown 
quantity in onem^dfer of the equation, cmd all the 
known quantities in the other, 

2. Arrange th» term$ that contain the unknown 
quantity according to their powers, as in Division. 

3. Ifjhe square of the unlcnown quantity have a 
coefficient or a divisor, it should be removed in the 
usual manner. 

4. If the term containing the sqman ofthemkndwk'^ 
^ntity be negative, make itpositive by changing the 
signs of aU the terms. 

5: Complete the square of the first member, by add^ 
ing the square of half thec^fficiewtofihe second"^ 
term to both sides of the equation. g^ 

6. Reduce the equation by extracting jhe ifuare root 
20 
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of each mmibery and transporing the knovmpart of the 
binomial. 

9. Required two numbers, whose difTerence shall 
be 8 and their product 105. 

Let X = the smaller number; . 

and a? 4- 8 = the larger. 
Then x^ + 8 x = 105, by the question. 

a: + 4 = V 105 + 16, or 11. 

10. What two numbers are there whose sum is 30, 
and whose product is equal to eight times their dif- 
ference? ' 

Let X = the greater number. 
Then 30 — a? = the less, 
and 2 a? — 30 = their difference. 
Therefore, x (30— a?) = 8 (2 a; — 30), by the question, 

or30x — a^ = 16ir — 240; 
and ofi — 30 a? = — 16 x + 240, by changing the signs. 
a^ — 14 a? = 240, by transposition, 
and a? — 14 a? + 49 = 240 + 49, or : 



Another Wat to cohplet£ the Square. 

11. Given «» = c -^ 6 x; to find the value of x. 

A. a^ + b X z^ Cyhy transposition. 

R. a:® + J a? + -T- == c + — , by completing the square* 

Let this equation be freed from fractions, and \% 
:wi|| becoqae 

c. 4 a» + 4 6 X + 6« = 4 c + i». 
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The &8t member of this equation being a perfect 
square^ its root may be found in the usual manner. 



V 4 a:* + 4 ft 0? + 6» = V 4 c + **,♦ 
or 2 0? -f- ft = i^ 4 c + 6^, by evolution, 
and 2 07 = y^4 c + ft? — ft, by transposition. 

Ans. y^-^7 '7. 

We might have obtained equation c directly from 
equation a, by multiplying it by 4 and adding the 
square of ft, the coefficient of the second tenn^ to 
each member. 

12. Required the value of x in the following equa- 
tion ; aa:^ — c =z — b x. 

A. a a^ + b X = Cyhy transposition. 

B. cc^ -f -r.= ^, by removing the coefficient of afi. 

«• a:« + ^ + £. = ^+^,by completing the square 

If we remove the denominators from this equation, 
we shall obtain 

D. 4a8a;2^4flJaj^j2==4oc-f-ft»; 

and V4a»a:2 + 4afta? + 6»=: y^ 4 a c + ft«; 

or2ffa? + &z=y^4ac+ft*, by evolution, 

and 2aa? = y^4a(? + fta — ft, by transposition. 

Compare equations a and d. It will be seen that 
if we multiply the former by 4 o^ that is, by 4 times 
the coefficient of a^^ and add to each member the 
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,.ii(eccmd jx)w^r.pf .iywhi^h is the coeffic^eat of or, We 
sbft)I.4)h)taia1he.)^ter eguAtion. 

From these operations majr be derived the follow- 
ing 110I.& for cowpletiog 4he aquare^ which will be 
fou^<Llpare^«imple apd. convenient than that already 
given, ^ where the coefficient of a?^ is a 3tnaZ/ number, 
and,wbpre the coefficient of x is an odd number ; ad 
it does not ^trodace fractions into the operation. 

S[(kvij^ prep<n:ed and Qtranged the equation as be- 

^orfiyMultiply both,v!kembers bffmr.tinH^ the coefficient 

ofj(J^^Jir9tJerm;.that is^ofihe term which contaim 

the square of the unknown quantity. Jf it hone no 

M0<^> muU^ly by four. 

Add the square of the coefficient of the. ^second term 
to both sides of the equation; and extract the square 
root of eath member^ 

13. Given iat;^ 7f 5 a? = 126 ; to find the value of x. 
iA» l)lie:firflt>itenD, «9, Jbas no coefficient, the eqoa- 
.McfT^r^uat he jm^tipU^d by 4, 

4 a« + 20 a? = 504. 

Next, -add the iiquare of 5, the coefficient of the 
seiQaad terni, tp both members. 

.4,i3P« rf- SO a? + 86 ==: 504 + 25, or 529. 
iOieiinit member being now la complete fiqUarey 
je.)UE9-ct the root as before. 



V'* a« + 20 a? +^5 = V 529, 

or 2 a? + 5 = 23. 

2 0? = 23 — 5, or 18, by transposition, 

and 0? =: 9« 
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14. Required the value of x in the following equa- 
tion ; 3 a;2 + 3 0? = 216. 

Multiply by 4 times the coefficient of a?^, that is, 
by 4 X 3 = 12. 

36 cc? + 36 a? = 2592. 
Add the square of 3y the coefficient of x, 
mi^ + 2Qx + 9 = 2592 + 9, or 2601. 

V 36 a?2 + 36 a? + 9 = V ^601, 

or 6 a? + 3 = &1 . 
6 0? = 51 — 3, or 48 ; and x = 8. 

15. What is the value of x in the following equa- 
tion; 3 0:2 — 19 a; = —6? 

3 a?2 — 19 a: zz: _ 6. 

36 a:9 — 228 oj = — 72, by multiplying by 12. 

36 0:2 _ 228 a; + 351 _ 239^ by adding I92. 

16. Given -^ 11 =^\ to find the value of x. 

3 3 

4 jjs — 33 .= X, by removing the denominators. . 
A (X? — 0? = 33, by transposition. 
64 a« — 16 a: = 528, by multiplying by 16. 
64 j;2 _ j6 a? + I = 528 + 1, or 529, by complet- 
ing. the square. 

17. There are two numbers whose difference is 9, 
and ^ their product is 10 more than the square of the 
smaller number. What are the numbers ? 

18. The length of a room exceeds its width by 9 
feet ; and its area is 400 feet. What are the dimen- 
sions of the room? 

20* 
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SECTION III 

Questions producing Affected Equ^ations. 

1. The ages of a man and his vnfe amount to 42 
years, and the product of their ages is 432. What is 
the age of each ? 

2. A gentleman, being asked the ages of his son 
and daughter, replied, that his son was 5 years older 
than his daughter, and that the product of their ages 
was 266. What were their ages ? 

3. The length of a room exceeds its width by 8 
feet, and its area is 768 feet. What are its length and 
width ? 

4. The difference of two numbers is 6; and the 
square of the greater exceeds twice the square of the 
less by 47. Required the numbers. 

5. A gentleman divided 28 dollars between his two 
sons in such a manner, that the product of their shares 
was 192. What was the share of each ? 

6. The wall which encloses a rectangular garden^ 
is 128 yards long, and the area of the garden is 1008 
yards. What are its length and breadth ? 

7. A man bought a certain number of «beep for 80 
dollars. If he had bought 4 more for the same money, 
tl^ey would have come to him a dollar iipiece cheaper. 
How many did he buy ? 

8. It is required to find two numbers, whose sum 
shall be 14 ; and such, that 18 tiroes the greater dwB 
be equal to 4 times the square of th^ less. 
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9. A man paid 120 dollars more for his watch than 
for a chain ; and the price of the watch was to that 
of the chain as the price of the chain was to 10. Re- 
quiied the price of each. 

10. In a parcel containing 24 coins of silver and 
copper, each silver coin is worth as many pence as 
there are copper coins ; and each copper coin is worth 
&s many pence as there are silver coins; and tlie 
i^hole is worth I8s. How many coins are there of 
each sort ? 

11. A drover bought a number of oxen for 675 
dollars ; which he sold again for 48 dollars a head ; 
and he gained, by the bargain, as much as he gave for 
one ox. How many oxen did he buy ? 

12. Two travellers, A and B, set off at the same 
time to a place distant 150 miles. A travels 3 miles 
an hour faster than B, and arrives at his journey's end 
.8 hours and 20 minutes before him. How many miles 
did each travel per hour? 

13. What twp numbers are there, whose sum is 25 
and product 144 f 

14. The age of A ts 12 years more than that of B ; 
and the product of their ages is 640. What is the 
age of each ? 

15. The sum of two numbers is 30; and if 18 be 
added to | of their product, the sum will be equal U> 
the square of the smaller number. What are the 
numbers ? 

16. Says A to B> '^ The, ptoduet of our oges is 
ISO ; and if I were 3 years^ young^y and you w^r^ 2 



^ 
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years older, the product of our ages would still be 
120." What are their ages ? . 

17. A farmer sold a certain number of sheep for 
£120. If he had sold 8 more for the same money, 
he wuuld have received 10 shillings less for each 
sheep. How many did he sell ? 

18. Two benevolent gentlemen, A and B, dis- 
tributed each 1200 dollars among a certain number of 
poor persons. A relieved 40 persons more than fi ; 
but B gave 5 dollars more to each person than A. 
How many persons did each relieve ? 

19. A person bought two pieces of cloth ; the finer 
of which, at 4 shillings a yard more than the other, 
cost £18. But the coarser piece, which was 2 yards 
longer than the finer, cost only £16. How many 
yards were there in each piece ? and what was the 
price of a yard of each ? 

' 20. Anofficpr would arrange 1200 men in a solid 
body, so that each rank' may exceed each file by 59 
men. How many must be placed iii rank and file ? 

21. In an orchard containing 900 trees, the trees 
are so planted that there are 1 1 more rows than there 
are trees in a row. Required the number of rows ; 
also the number of trees in a row. 

22. The perimeter of a room is 46 feet ; and the 
Brea of the floor is equal to 35 times the difference 
of its length and breadth; What are the dimensions 
of the room ? 

23,. A drover bought a number of sheep for 190 
dollars. Having lost 8 of them, he must sell the re- 
mainder at a profit of 8 shillings apiece, not to lose 
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fiioney by the bafgain. How many sheep did he-buy ? 
aad at what price? 

24. A merchant 8old a quantity ^^f sugar for £56, 
by which he gained as much per cent. as. the whole 
cost him. How much did it cost ? 

Let 07 = the coat of the sugar. 
Then 56 — a? = the gain. 

Again, i^ ^ ^^^ ^^ ^^ ^^^' * 

and — = the gain. 

Therefore, 755 = ^ — ^* / 

25. A trader sold a quantity of flour for 39 dollars, 
and gained as much per cent, as the flour cost him. 
What did he give for the flour ? 

26. A butcher bought a certain number of calvea 
for 200 dollars ; and, reserving 15, he sold the rest 
for 180 dollars, by which he gained 2 shillings a head* 
How many calves did he buy? and at what price? 

27. A grass-plot, 18 yards long and .12 wide, ia 
surrounded by a border^of flowers of a uniform width. 
The areas of the grass-plot and border are equal. 
What is the width of the border ? 

28. yA square court-yard has a gravel walk round 
it. The side of the court wants 2 yards of being 6 
times the breadth of the walk ; and the number of 
square yards in the walk, exceeds the number, of yards 
in the periphery of the court by 164. What is the 
area of the court ? 

29. If the square of a certain number be taken 
from 40, and the square root of tiieir difference b« 
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increased by 10, and the sum be multiplied by 2, and 
the product divided by the number itself, the quotient 
will be 4. Required the number. 

Let X = the number. 

If we take the square of "x from 40, we shall have 

40 — x«, 

whose square root is expressed thus, 

V40 — a«. 

This square root, increased by 10, becomes 

V 40 — x2 + 10; 



and 2 j^ 40-^x^ + 20, by multiplying by 2 ; 

, 2V40— a« + 20 , J. .J. , 

and —^ ' — -, by dividmg by x. 

Therefore, ^^"^^^ = 4, by the question, 
2 y' 40 — - 0?^ -j- 20 = 4 a?, by multiplying by x, 
and y^40 — 0^ + 10 = 2 a?, by dividing by 2. 

^40 — x^ z=: 2 X — 10, by transposition. 
To free this equation from the radical quantity, 
j^ 40 — ap2, we must raise both members to the seo^ 
ond power. The second power of a quantity affected 
toith the radical sign, is evidently that quantity tuithout 
the sign ; for y^ a, being the square root df a, the 
product of y a multiplied by y' a must be a. There- 
fore, the second power of y' 40 — a;^ ig 40 — ^* ^nj 
the whole equation, when raised to the second power, 
becomes 

40 — x2 ;=z4 x^ — 40 07 + 100. 
30. What number exceeds its square root by 42? 
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31. A school-boy, being asked the ages ofhi^i^lC 
and sister, replied, that he was 6 years older than his 
sister ; and that twice the square of her age was 47 
less than the .square of his own. What were their 
ages? 

32. A gentleman has two square flower-plots in his 
grounds, which together contain 2120 jards ; and the 
diameter of the larger plot exceeds that of the smaller 
by 12 yards. What are the sides of each ? 

33. A laborer, having built 105 rods of fence, -found 
that, had he built 2 rods less a day, he would have 
been 6 days longer in completing the job. How many 
fods did he build per day ? 

34. A farmer sold 7 calves and 12 sheep for 50 
dollars ; and the price received for each was such, 
that 3 more calves were sold for $10 than sheep for 
$6. What was the price of each ? 

35. A young lady, being asked her age, answered, 
" If you add the square root of my age to half of my 
age, the sum will be 12." What was her age f 

36. A trader bought some barrels of flour for $60. 
Had he bought 3 more barrels for the same sum, each 
barrel would have cost him one dollar less. How 
many barrels did he buy ? , 

37. A man had a field whose length exceeded its 
breadth by 5 rods. He gave 3 dollars a rod to have 
it fenced ; and the whole number of dollars was equal 
to the number of square rods in the field. Required 
the length and breadth of the field. 

38. Says A to B, ^^ I have 9 dollars more than you; 
and if the number of dollars we both have, be multi- 



plied iqr-tiie nomber that I have, the t>rodttct will be 
S6ft.*^ Hovir many dollars has each^ 

39. A man has three children, A, B'and C; A 
being the oldest, and C the youngest. Now, thb dif- 
ference of A and B's ages exceeds the difference of 
B and C's by 6 years. The sum of all their ages is 
33 years, and the sum of their squares 467. Required 
their ages. 

Let X = B's age, 

and y = the difference of B and C's ages. 
Then a? — y = C's age, 
and 0? -}- y + 6 = A's age. 
X -\- X — y + a? + y + 6 = 33, by-the question, 
or 3 a? = 33 — 6, or 27, 
and a? == 9. 

Again, according to the* question^ the sum of the 
sqi^ai^es of all their agejs is 467 ; that is, 

^ + (^ — y)^ + (^ + y + 6)« = 467, 

or, by involution and addition, 

3^9 + 2y2 + 12 0?+ 12y + 36 = 4CT; 

and, by substituting the value of a?, we have 

243 + 2 y2 + 108 + 12y + 36 = 467, 
or 2 y^ + 12 y == 80,, by transposition. 

40;^ A ftfmor^t3ol4>80ub«Bh^iof wheat wdiOG^t 
buslMiitf^i^f rye f4»tt^65'} aad^ciach Mmoh aMI»^'4bM 
he sold 60 bushels moieof^rye ferx£<Kmhaai4»f #iiQat '^ 
for 4i^W. - WJift&iW«Pth4i'iNiee of eaeh ? 



urscstiUAineov* ^ostoiMs.* Ml 



CHAPTER XII. 
MISCELLANEOUS aUESTIONS. 



. 1 . A GENTLEMAN bought three kinds of wine, of each 
an equal quantity. For the sherry he gave $8 a 
dozen; for the port, $9; and for the madeira, $11. 
The v^hole came to $168. How many dozen of each 
liind did he buy ? 

2. A steam^boat has 81 passengers; there being 
twice as many women as children, and three times as 
many men as women. What is the number of men^ 
women and children ? ' 

3. Divide $9^9 between A and B in such a man- 
ner, that A's share shall be to B's as 2 to 5. 

4. A man, d)ring, left an estate valued at $14^2. 
In his win he gave i of his property to his wife ; and 
directed the remainder to be so divided between bis 
son and daughter, that the daughter's portion might 
be to the son's as 3 to 5. What was the share df 
•each.^ 

5. What is that number, to which if you add i of 
itself, and from the sum subtract f of itself, i of tba 
liremmnder is 3 ? 

6. A farmer bought 12 sheep, 5 cows, 2 yoke of ' 
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oxen and 3 horses, for 795 dollars. A cow cost as 
much as 6 sheep, a yoke of oxen as much as 3 cows, 
and a horse as much as 3 oxen. What did he give 
for 'each? 

7. A man divided a certain sura of money equally 
between his son and daughter ; but had he given his 
son 33 dollars more, and his daughter 47 dollars less, 
her share would have been but i of his. What was 
the sum divided ? 

8. Divide 46 dollars into two such parts, that } of 
one and ^,of the other msly be 10 dollars. 

9. A man divided 198 acres of land between his 
three children in such a manner, that A's part was ^o 
B'js in the ratio of 3 to 8 ; and C had as many acres 
as both his brothers. What was the share of each ? 

10. A man bought a certain quantity of wine for 
94 dollars; and after 7 gallons had leaked out, he 
sold j^ of the remainder, at cost, for $20. How many 
gallons did he buy ? 

11. If a certain number be divided by the sum of 
its digits, the quotient "will be 8; but if the digits be 
inverted, and that number divided by 2 less than their 
difference, the quotient will be 9. What is the 
number ? 

12. Two friends bought a horse together; and 
when one had paid § and the other f of the price 
agreed upon, they still owed ^1 dollars. What was 
the price of the horse ? 

13. In a certain university there are 384 students, 
f of whom belong to the academical department; 
and in the departments^ of law, divinity and medi- 
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cine, the students are to each other as the nudibers 
'1, 2 and 3. How many stud^ts are there in each de- 
partment?' 

14. A man agreed to carry .47 earthen jugs to a 
certain place. For every one he delivered safe,' be 
was (o receive 6 cents ; and for evelry one he broke, 
he was to pay 10 cents. He received '$1,54. How 
many jugs did he break ? * 

15. Divide $1170 among three persons, A, B and 
C, in proportion to their ages. Now, B is a third part 
older than A, and A is half as old as C. What is 
the share of each i 

^ 16. Three men, A, B and C, pay a tax of 594 dol- 
lars. The property of A is to that of B as 3 to 5; 
and the property of B is to that of C as 8 to 7. 
What part of the tax is paid by each ? 

17. A father gives to his six sons $2010, which 
they are to divide according to their ages,, so th&t 
each elder son shall receive $24 more than his next 
younger brother. What is the share of the youngest 
son ? 

18. If I multiply a certain number by 6, "add 18 to 
the product, and divide the sum by 9, the quotient will 
be 20. What is the number ? 

19. Divide 119 into three such parts, that the second 
divided by the first will give 3 for a quotient, and 3 
for a remainder; and the third divided by the second 
will also give 3 for a quotient, and 3 for a remainder. 

20. A schbol-master, being asked how many doMrs 
he received a month for teaching, replied, " If I add 
9 to i part of the number 'of dollars I receive, mul- 
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tiply tbe sum thus pbteiiied by 7, subtract 15 from 
the product, multiply the- remaiader by 6, and then 
take away the cipher from the right of the number 
lavt obtained, I shall have $54." What were his 
wages? 

2L Some travellers find a purse of money, which 
they agree to shiure equally. If they take 5 dollars 
apiece, one man will receive nothing ; but if they 
take 4 dollars, there wilt be seven dollars left. What 
is tte niimber of toivellersf What is the sum to be 
divided ? 

22. There are two numbers, the product of whose 
jium multipUed by the greater, is 144; and whose 
difference, multiplied by the less, gives 14. Required 
Ithe numbers. 

23. A courier had been travelling 4 days, at the rate 
of 6 miles an hour, when another was sent after him, 
who travelled 8 miles an hour. In how many days 
wiU the second courier overtake the first, if they both 
travel 15 hours a day ? 

24. A gentleman has a rectangular garden 36 rods 
in circumference ; and the square of tbe width is to 
the square of the length as 16 to 25. Required its 
dimensions. 

26. Two travellers, A and B, began a journey of 
30(^miles at the same time. A travelled a mile an hour 
Sister than B, and arrived at his journey's end 10 
hottis before him. How many miles an hour did each 
trsffel? 

1(6^ Two spOTtsmen, walking over a marsh, started 
a flock of plover. Ttie first one fired^ and brought 
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^owh f of the whole flock. Afterwards, the second 
One fired, and killed a number equal to the square 
root of half the flock; when only 2 birds were left. 
How many birds were there in the flock ? 

27. Required the side of a square field, which shall 
contain- the same quantity of land as another field, 
which is 72 rods long and 18 rods wide. 

28. Three planters, A, B and C, together possess 
2658 acres of land. If B sell A 215 acres, then will 
A's plantation exceed B's by 236 acres ; but if B buy 
167^ acres of C's plantation, they two will have the 
same quantity of land. How many acres has each ? 

29. Required two numbers, whose sum, multiplied 
by their product, shall be equal to 12 times the differ- 
ence of their squares ; the numbers being to each 

'^ther in the ratio' of 2 to 3. 

30. It is required to form a regiment, containing 
865 men, into two squares, one of which shall con- 
tain 7 more men in rank and file than the other. 
How many men must each of the squares contain ? 

31. A man, having travelled 108 miles, found that 
he could have performed the same journey in 6 hours 
less, if he had travelled 3 more miles an hour. At 
what rate did he travel ? 

32. Two persons, A and B, set out at the .same 
time from two towns, distant 396 miles ; and,, having 
travelled as many days as A travelled miles daily more 
than B, th^y tnet 6ath other. It then appeared that 
A had' travelled 216 mil^g. How many miles did 
each travel per day ? ' " ' ^"^ , 

33. 'Two merchants, A and B, trade itt company, 

.21* 
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and gain $ 1930»S3. Of the capital employed, A fur-^ 
nished $4000 and B $ 7000. What is each man's 
share of the gain ? 

34. A farmer, being asked how many acres of land 
he 6vrned, answered, that the number was expressed 
by two digits, whose sum, increased by 7, would be 
equal to three times the left-hand digit; and he 
added, that, if he pwned 18 acres less, the digits ex- 
pressing the number would' be inverted. How many 
acres were there in his farm ? 

35. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many 
servants attending him as there were gentlemen ; the 
number of dollars which each had, was double the 
number of all the servants, and the whole sum of 
money taken out, was 3456 dollars. How manj gen- 
tlemen were there ?^ 

36. Four farmers^ A, B, Oand P, hired a pasture, 
for which they paid 81 dollars. A put in 4 cows for 
3 months; B, 8 cows for 2 months; C, 7 cows for 
5 months ; and D, 3 cows for 6 months. How much 
of the rent must each man pay ? 

37. Thbre is a certain number, the left-hand digft 
of which is equal to 3 times the right-hand di^t ; and 
if 12 be subtracted from the number, the remaiqder 
will be equal, to the square of the left-hand digit. 
Required the number. 

38* A man has two hordes and two saddles, one of 
which is worth $40, and the other $5. When the 
best saddle is upon the firdt horse, and the woKst fud- 
dle upon the secoA(i| ^e former is worth jiijst tNvic^ 
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is much as th^ latter ; but when the worst saddle is 
upon the first horse, and the best saddle upon the 
isecond, the latter is worth ^5 more than the former. 
What is the value of each horse ? 

39. Find three such numbers, that the first, With i 
the sum of the second and third, shall be 78 ; the 
sf cond, with | the excess of the third over the first, 
shall be 60 ; and } the sum of the three shall be 66. 

40. If I had 3 shillings more in my pocket, I could 
give 2s, 6rf. to each of a certain number of beggars ; 
but if I give them only 25. apiece, I shall have 4s. left. 
How much mvney have I in my pocket? What is 
tl^e number of beggars ? 

41. A person had £27, 65. in guineas and crown 
pieces. Having paid a debt of £14, 175.,Tie finds 
th.at he has as many guineas left, as he has paid away 
crowns ; and as many crowns left, as he has paid away 
guineas. How many crowns and guineas had he at 
.first? J / ■• ^ ./ . ; ;. ; 

Remark, A guinea is 21 shillings, and a crown 5 
shillings, sterling. ^ 

, 42. A bill of £27, 9f was paid in half-guineas and 
crowns ; and twice the number of guineas was equal 
to half the' number of crowns. How many of each 
were paid away ? | '^ '/ v. 

43. A laborer agreed to work 24 days for 75 cents 
a day, and to forfeit his wages and 25 cents every day 
he wai^ idle. At the end of the time, he received 
912. How many days was he idle ? 

44. 'A colonel would arrnnge a regiment of 1152 
faea.in such a manner, that each rank may exceed 
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each file by 24 men. What' numbers must he plac^ 
in rank and file ? 

45. A cistern, containing 276 gallons, is emptied 
in 21 minutes by two cocks running successively. 
One cock discharges 16 gallons, and the other II 
gallons, in a minute. How many minutes vS each 
cock running f 

46. A merchant has t\^o kinds of wine ; one of which 
is worth 95. 6(Z. per gallon, and the other, 135. 6d. 
How many gallons of each must he take, to form a 
mixture of 104 gallons which shall be worth £56 ? 

47. A gentleman bought a quantity of broadcloth 
for $48 ; and four times the number of yards were 
equal to three times the price of a yard. How many 
yards dM he buy, and at what price ? 

48. Two gentlemen, A and B, have rectangular 
gardens contiguous to each other. A's garden is 20 
yards wide, and f as long as B's ; and the surface of 
B's garden is to that of A's as 5 to 3. What is the 
width of B's garden ^, 

49. A miser, dying, left a certain number of eagles, 
as many quarter-eagles, % the number of h^df-eagles, 
and dollars enough to make the whole number of coins 
equal to \ of the value of the whole in dollars; and 
the eagles and dollars together were 2 more than J 
the number of coins. How' much money did he 
leave .^ 

50. A farmer sold 120 bushels of rye and barley ; 
receiving, for a bushel of each kind of grain, as liiany 
cents as there were bushels of that kind; and the 
barley brought only | as much as the rye^ How many 
bushels of each kind did he sell? 
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51. A gentleman distributed $47,50 among 30 
men and women, giving the women Qs. and the men 
10s. 6(2. each. How many men and how many 
women were there? 

52. A criminal, having escaped from prison, travel- 
led 10 hours before his escape was known. He was^ 
thfsn pursued, so as to be gained upon 3 miles an hour. 
After his pursuers had travelled 8 hours, they met an 
express going at the same rate as themselves, who met 
the criminal 2 hours and 24 minutes before. In what 
tim^ from the commencement of the pursuit did they 
overtake him? ~ -^ • ^^ 

53. A farmer has an irregular piece of land, con- 
taining 5 acres, which he wishes to exchange for a 
square field of the same size. Required one of the 
side^.of the square field. 

Remark, An acre of laud contains 160 square 
rods. . Qnly an approximate answer to this question can 
be found, as the given quantity is not a perfect square. 

54. I have a field containing 10 acres; and th)& 
length of the field exceeds its width by 18 rods^ Re- 
quired its dimensions. 

55. A man bought a field whose length was to its. 
breadth as 8 to 5. The number ot dollars paid per' 
acre was equal to the number of rods in the length^ 
of the field ; and the number of dollars paid for the 
whole w^ equal to 13 times the number of rods, 
round the field. What did he give for the field ? ^/ 

56. A &ther gave to eaob of his children, on new 
year's day, as many books as he bad children ; for 
each book he gave 12 times as man^^ QQnjts as there 
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were children; and the cost of the whole Was $15* 
How many children had he ? i^ 

57. A messenger had been gone from a certain 
place 8, hours, when another was sent after him. The 
first went 7 miles an hour, and the second 11. In 
what time did the second overtake the first ? 

58. The members of a lyceum, wishing to buy 
an air-pump, found, if they paid 80 cents each, that 
they should raise $18 more than they wanted for the 
purpose ; but if they paid only 50 cents each, they 
would not hav6 enough by $ 12. What was the price 
of the air-pump? 

59. A servant was sent to market with a basket of 
eggs, which he was directed to sell for 12 cents a 
idozen. Having carelessly broken 6' dozen of the 
eggs, he was obliged to get 15 cents a dozen for the 
Test, that there might be no loss. Hdw many dozen 
of eggs did the basket contain at first ? 

60. A man wished to plant a certain number of 
trees in the form of a square. At the first trial, he 
had 39 trees left He. then determined to enlarge 
the square by 'adding one tree to each row ; to do 
which, he found it necessary to procure 50 trees more. 
How many trees had he at first ? 

61. A grocer, being asked the size of 3 wine-casks, 
replied, " If I fill the first empty cask from the second 
full cask, f of the wine will remain; if I fill the 
second empty cask from the third full one, i of the 
wine will remain; and the third empty cask will con- 
tain the contents of the first full cask and 23 gallons 
more." Required the size of the casks. 
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62. A. cistern, which holds 2340 gallons, is filled in 
I of an hour by 3 pipes ; the first of which conveys 
13 gallons more, and the second 6 gallons less, than 
the third per minute. How many gallons does each 
pipe convey in a minute ? 

63. Two persons, A and B, set out at the same 
time from two towns at- the distance of 672 miles. 
B travelled 8 miles a day more than A ; and when 
they had travelled half as many days as A went miles 
in a day, they met. Hoav many miles did each travel 
daily? ^ / .. ,^ 

64. A farmer has a rectangular peach-orchard, with 
unequal sides. If the difference of the sides be mul- 
tiplied by the greater side, and the product divided 
by the less, the quotient is 24 rods ; but if t{ieir dif- 
ference be multiplied by the less side, and the product 
divided by the greater, the quotient is only 6 rods. 
What are the dimensions of the orchard ? 

65. There is a school-room in Boston, whose length 
is to its breadth as 6 to 5. If it were a square, hav- 
ing its sides equal to the length, it would contain 801 
feet more than it would were the sides of the square 
equal to its width. What are the dimensions of the 
room? ,.\ ' . :: / y s " 

66; The. fore-wheel of a cairJhge makes 6 revolu- 
tions mor^.than the hind-wheel in going 120 yards ; 
but if the circumference of each wheel be increased 
one yard, it will make only 4 revolutions more in go* 
ing the same distance. What is the^cireuinference 
of each wheel f 

61. When the passengers on board of a steam-boat 
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look their seats tA the dinner-table, it was observed 
that the number of the men was to that of tiie women 
as 9 to 4 ; but when 6 men, with their wives, had re- 
tired, there remained at the table 3 times as many 
men as women. What was the number of passen- 
gers ? 

68. Two clerks, A and B, sent Ventures in a ship 
bound to India. A gained $11; and, at this rate, 
he would have gained as many dollars on a hundred 
as B sent out. B gained $36, which was but one 
fourth part as much per cent, as A gained. How 
much mon^ was sent out by each ? 

69. Required two fractions, whose product is ^, and 
the sum of whose squares is ^. 

70. A compuiy of persons spend £3 10^. at a tav- 
ern. Four of them go away without paying ; in con- 
sequence of which, each of the others has to pay 25. 
more than his proper share. How many persons were 
there in the company ? and what was the proper share 
of each?' 

^ 71. A gentleman bought a rectangular lot of land, 
giving $10 for every foojt in the perimeter. If the 
same quantity of land had been in the form of a 
square, and he had bought it in the same way, it would 
not have cost him so much by $330 ; and if he had 
bought a square piece of the same perimeter, he would 
have had 12^ rods more. What were the dimensioivs 
of the lot? 

THE END. 
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